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S^' Abstract 

We examine a non-relativistic limit of D-branes in AdSsxS^ and M-branes in 
, , - AdS4/7xS''/^. First, Newton-Hooke superalgebras for the AdS branes are derived 

X ■ 

' from AdSxS superalgebras as Inonii-Wigner contractions. It is shown that the di- 

ed ' 

rections along which the AdS-brane worldvolume extends are restricted by requiring 
that the isometry on the AdS-brane worldvolume and the Lorentz symmetry in the 
transverse space naturally extend to the super-isometry. We also derive Newton- 
Hooke superalgebras for pp-wave branes and show that the directions along which 
a brane worldvolume extends are restricted. Then the Wess-Zumino terms of the 
AdS branes are derived by using the Chevalley-Eilenberg cohomology on the super- 
AdS X S algebra, and the non-relativistic limit of the AdS-brane actions is considered. 
We show that the consistent limit is possible for the following branes: Dp (even, even) 
for p = 1 mod 4 and Dp (odd,odd) for p = 3 mod 4 in AdS5xS^ and M2 (0,3), M2 
(2,1), M5 (1,5) and M5 (3,3) in AdS4xS'^ and S'^xAdSy. We furthermore present 
non-relativistic actions for the AdS branes. 



1 Introduction 



The AdS/CFT conjecture [1] predicts that type IIB superstring theory in AdS5xS^ is dual 
to the four-dimensional J\f — 4: SU(iV) super Yang-Mills theory in large N limit. Though 
it is too hard to analyze the full AdS superstring, Berenstein-Maldacena-Nastase (BMN) 
found a nice way to extract a solvable subsector (referred to as BMN sector) [2]. Taking 
this subsector corresponds to the so-called Penrose limit for the AdS geometry [3], and 
the relevant symmetry to the BMN sector is the pp-wave superalgebra, which is obtained 
as an Inonii-Wigner (IW) contraction [4] of the super-AdSsxS^ algebra [5] (see [6] for the 
eleven-dimensional cases) . 

A non-relativistic limit of strings in fiat spacetime provides another solvable sector [7] 
(see also [8]). This hmit is a truncation of the full theory in the sense that light states 
satisfying a Galilean invariant dispersion relation are kept and the rest decouples. The 
relevant symmetry is the Galilean limit of the Poincare algebra. The non-relativistic flat 
branes are examined in [9-13]. In [14, 15] these studies have been extended to branes 
in AdS spaces. In particular a Lorentzian F-string in AdSsxS^, i.e. AdS2 brane, was 
examined in [15]. They showed that the F-string theory in AdSsxS^ is reduced to a free 
theory in the non-relativistic limit, and so the resulting theory is exactly solvable. In the 
non-relativistic limit, the super-AdSsxS^ algebra is also contracted to the Newton- Hooke 
(NH) superalgebra for the F-string. Then the isometry of the AdS2-brane worldvolume, 
the AdS2 algebra so(l,2), and the Lorentz symmetry in the transverse space, so(3) xso(5), 
extend to a super-isometry algebra. 

In this paper we consider D-branes in AdSsxS^ and M-branes in AdS4/7xS^/^. First 
we examine D-branes in AdS5xS^. In addition to AdS2 brane, there exist various AdS 
branes in AdSsxS^, (m,n) branes of which worldvolume extends along m directions in 
AdSs and n-directions in S^. In our previous works [16-19], we have classified some 
possible configurations of the D-branes in AdSsxS^ by examining the k- variation surface 
terms of an open superstring. Here we will classify possible configurations of D-branes 
by requiring that the isometry of the AdS brane worldvolume AdS^xS" (H"*xS"^) and 
the Lorentz symmetry in the transverse space E^~"* x E^~" (E^"'"'^ x E^~"), i.e., so(m — 
1, 2)xso(n-|-l)xso(5— m)xso(5— n) for a Lorentzian brane and so(m, l)xso(n-|-l)xso(4 — 
m, l)xso(5 — n) for a Euclidean brane, naturally extend to the super-isometry. The result 
surely contains our previous result, but some new configurations are allowed to exist. 
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We furthermore derive the NH superalgebras for these branes as IW contractions of the 
super-AdSsxS^ algebra. The similar analyses are applied to branes in JIB pp-wave, and 
derive the NH superalgebras for these branes as IW contractions of the IIB pp-wave 
superalgebra. 

The Wess-Zumino (WZ) terms for p-branes in flat spacetime can be classified [20] as 
non-trivial elements of the Chevalley-Eilenberg (CE) cohomology [21]. This is generahzed 
to D-branes in [22, 23] by introducing an additional two form which corresponds to a 
modified field strength of the background B field. Here we examine the WZ terms for 
AdS branes by using the CE cohomology on q of the supergroup 

G = PSU(2, 2|4)/(SO(4, 1) x S0(5)) , i.e. "super-AdSaxS^V'Torentz" . 

We show that the WZ terms of AdS branes can be classified as non-trivial elements of the 
CE cohomology, except for the WZ term of a string which is a trivial element [24,25]. 

Expanding the supercurrents with respect to the scaling used in the IW contraction, 
we obtain the non-relativistic limit of the brane action. In comparison to the Penrose limit 
in which the leading terms in the expansion contribute to the pp-wave brane actions (see 
Appendix C) , in the non-relativistic limit the leading order terms of the Dirac-Born-Infeld 
(Nambu-Goto) part and the WZ part cancel out each other, and the next-to-leading order 
terms contribute to the non-relativistic action. We find that the consistent non-relativistic 
limit exists only for Dp (even, even) for p = 1 mod 4 and Dp (odd, odd) for p = 3 mod 4 in 
AdSsxS^. We derive the non-relativistic AdS D-brane action and find that it is reduced to 
a simple action by fixing the K-gauge symmetry and the world volume reparametrization. 
While the non-relativistic AdS D-string action is a free field action, the non-relativistic 
AdS Dp-brane action (p > 1) contains an additional term which originates from the fiux 
contribution in the WZ term. The non-relativistic fiat D-brane actions obtained in [12] 
are reproduced as a fiat limit of the non-relativistic AdS D-brane actions. 

Next we examine a non-relativistic hmit of M-branes in AdS4/7xS^/^. The NH super- 
algebra for M-branes are derived as IW contractions of the super-AdS4/7xS^/^ algebras. 
To achieve this, we show that the directions along which a brane worldvolume extends 
are restricted by requiring that the isomctry of the AdS brane worldvolume and the 
Lorentz symmetry in the transverse space naturally extend to the super-isometry, and 
that possible M-branes are classified. As expected, the configurations obtained in [26,27] 
by examining the k- variation surface term of an open supermembrane are contained in the 
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above classification. The similar analyses are applied to branes in M pp-wave, and derive 
the NH superalgebras for these branes as IW contractions of the M pp-wave superalgebra. 
We obtain the WZ terms of AdS branes as non-trivial elements of the CE cohomology on 
of the supergroup 

G =OSp(8|4)/(SO(3,l)xSO(7)) or OSp(8*|4)/(SO(4)xSO(6,l)). 

We find that the non-relativistic limit exists for M2 (0,3), M2 (2,1), M5 (1,5) and M5 
(3,3) in AdS4xS'^ and S^'xAdSy. By taking the non-relativistic limit of these AdS brane 
actions, we derive the non-relativistic M-brane actions in AdS4/7xS^/^. It is shown that 
by fixing the K-gauge symmetry and the reparametrization the non-relativistic action for 
AdS M2- and AdS M5-branes is reduced to a simple action which contains an additional 
term originating from the flux contribution of the WZ term. The non-relativistic flat 
M2-brane action given in [11] is reproduced as a fiat limit of the non-relativistic AdS 
M2-brane action. 

This paper is divided into the two parts. Sections 2-5 are devoted to studies of AdS 
branes in ten-dimensions, and those in eleven-dimensions are examined in sections 6-9. 
In section 2, NH superalgebras for branes in AdSsxS^ are derived as IW contractions 
of the super-AdSsxS^ algebra. It is shown that the directions along which the AdS 
brane worldvolume extends are restricted by requiring that the isometry on the AdS 
brane worldvolume and the Lorentz symmetry in the transverse space naturally extend 
to the super-isometry. The similar analyses are applied to branes in IIB pp-wave in 
section 3. WZ terms of AdS branes are derived by using the CE cohomology on the 
AdSxS superalgebra in section 4. Examining a non-relativistic limit of AdS brane actions, 
we obtain non-relativistic AdS brane actions in section 5. From section 6, M-theory in 
AdS4/7 X S'^/'^ is examined. We derive NH superalgebras for M-branes as IW contractions 
of the super-AdS4/7xS'^''^ algebras in section 6. The similar analyses are applied to branes 
in M pp-wave in section 7. After deriving WZ terms of AdS M-branes by using the CE 
cohomology on the AdS4/7xS''/^ superalgebras in section 8, we examine the non-relativistic 
limit of AdS M-brane actions in section 9. The last section is devoted to a summary and 
discussions. 

The supervielbeins and the super spin-connections are given in Appendix A. In Ap- 
pendix El the K-symmetry of Euclidean/Lorentzian brane actions is derived. Our con- 
struction of brane actions is applicable to branes in a pp-wave by taking the Penrose 
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limit instead of non-relativistic limit. In fact, we derive brane actions in the pp-wave in 
Appendix C. 



2 NH Superalgebra of Branes in AdSs x 

The super-AdSsxS^ algebra, psu(2,2|4), is generated by translation Pa — {Pa,Pa'), 
Lorentz rotation Jab — {Jab: Ja'v) and Majorana-Weyl supercharges Qi{I = 1, 2) as 

[Pa, Pb\ = X^Jah , [Pa': A'] = Ja'V , 

[Pa: Jh^ — VabPc — VacPb : [Pa': Jb'c'] — Va'b'Pc' — Va'c'Pb' : 

[Jab, Jed] = VbcJad + 3-terms , [Ja'b', Jc'd'] = Vb'c'Ja'd' + 3-terms , 

[Qi: Pa] = -^Qj{icr2)ji^A , [Qi: Jab] = ~Qi^ab , 

{Qi: Qj} = 2iCV^5ijKPA - iXCr^''{ia2)ijh+JAB : (2.1) 

where a = 0, • • ■ ,4 and a' = 5, ■ ■ ■ ,9 are vector indices of AdS^ and respectively. The 
gamma matrix T"^ e Spin (1,9) satisfies 

{r^, r^} = 27?^^ , (r^)^ = -cr^c-' , c^ = -c (2.2) 

where C is the charge conjugation matrix. We use almost positive Minkowski metric tjab 
and define 

Ta = {—^a1: To'iT) , Tab — {—^abl: ^a'b'J) : ^ — V'^^'^^ , J — P^^^^^ , 

Qih+ = Qi , h+ = i(l + Tn) , Tu = T01...9 , (2.3) 

and X—l/R where it! is the radii of AdSs and . 

By using an element g e PSU(2,2|4), a left-invariant (LI) Cartan one-form is defined 

as 

n = g-'dg = L^Pa + ^L^^Jab + QiL' . (2.4) 
Then the Maurer-Cartan (MC) equation, which is satisfied by LI Cartan one-forms 

dL^^hH^f^/, n^L^T^, (2.5) 
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is equivalent to the superalgebra [T|, Tg} = f^s^'^c ■ '^^^ Jacobi identities f[AB^f\D\c)^ ~ 
of the commutation relation of the superalgebra is stated as the nilpotency of the dif- 
ferential, (P = . Thus ()2.1|) is equivalent to 

dL^ = -\^f^^a2L - ^L^^r^sL . (2.6) 

We derive NH superalgebras for AdS branes as IW contractions of the super-AdSsxS^ 
algebra. 

First we consider the bosonic subalgebra. Let us introduce the following coordinates: 

A = Ao,---,Ap, A = Ap+i,--- ,^9 , (2.7) 

where A = (a, a') represent the worldvolume directions of the AdS brane. When the 
worldvolume extends along m directions in AdSs and n directions in S^, we call it an 
(m, n)-brane. We rescale the generators as follow: 

Pa -^Pa , Jab '^'^M ■ (2-^) 
The limit f2 ^ leads to the NH algebra for the AdS brane 

[-Pa, A] = ^'^Jab 5 [Pa',Pb'] = ~^^Ja'b' ! 
[P„ Pk] = \^J-ab , [P.', A'] = -X'j-a'b' , 

[Pa, Jbc] = VabPc - VAcPb , [Pa, Jbc] = VabPc - VacPb , 
[Pa, Jbc] = VabPc , 

[Jab, Jcd] = V Ad Jbc + 3-terms , [Jab, Jqd] = V ad Jbc + 3-terms , 

[Jab, Jcd\ = VbcJad — VacJbd , [Jab, Jcd\ = VbdJca — VadJcb ■ (2-9) 

This is the NH algebra of a brane given in [14] (see also [28]). The NH algebra contains two 
subalgebras. One is the isometry of (m, n)-brane worldvolume generated by {Pa,Jab}, 
the AdSmXS" algebra so(m — l,2)xso(n + 1) for a Lorentzian brane and the H"^xS"' 
algebra so(m, l)xso(n + 1) for an Euclidean brane. The other is the Poincare algebra, 
iso(5 — m) xiso(5 — n) for a Lorentzian brane and iso(4 — m, l)xiso(5 — n) for a Euclidean 
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brane, generated by {Pa, Jab} which is the isometry of the transverse space E^~"* x E^~" 
and E^"™-'^ x E^"" respectively. 

Next, we consider the fermionic part. Let us introduce a condition 

e = Me with M = £r^o-^f o p (2.10) 

where f{-l)^^^p'^ = 1 for = 1. The 2x2 matrix p is determined below. As 
6 = h^9, [M, h+] = is required so that p = odd. We demand that M satisfies following 
relations 

M'T^ = T^M , (2.11) 
M'f^^ia2 = F-^zasM , (2.12) 

where M' = C~^M^C. If these are satisfied, the isometry of the AdS brane worldvol- 
ume and the Lorentz symmetry in the transverse space, so(m — l,2)xso(r?, + l)xso(5 — 
m) xso(5 — n) for a Lorentzian brane and so(m, 1) xso(n + 1) xso(4 — m, 1) xso(5 — n) for 
a Euclidean brane, naturally extend to the super-isometry as will be seen below. It is 
straightforward to see that the first condition is satisfied hj = p for p = 1 mod 4 and 
by p"^ = — p for p = 3 mod 4. The second condition restricts the direction along which 
branes extend. Since, for p = l(p = 1 mod 4) and p = ia2{p = 3 mod 4), we derive 

M'F-^ia2 = {-l)'^f^^ia2M , (2.13) 

we have (odd,odd)-branes. d denotes the number of Dirichlet directions contained in 
AdSs. On the other hand, for p = (Xi, 0-3 (p = 1 mod 4), since 

M'f^^ia^ = -(-l)^F^za2M , (2.14) 

(even,even)-branes are allowed. In both cases, we have £ = \/—s and 

M' = -M . (2.15) 

We summarize branes in Table ^ The 9-brane is nothing but AdSs x itself as M = /i+ 
in this case. The (even,even)-branes {p = 1 mod 4) and (odd,odd)-branes {p = 3 mod 4) 
are 1/2 BPS Dirichlet branes of F- and D-strings in AdSsxS^ derived in [16-18]^. In 
the presence of gauge field condensates, see [19]. As will be seen in section 4, we find 
consistent non-relativistic limits for these AdS branes. 
^The brane probe analysis [29] is also consistent with this result. 
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p 


1-brane 


3-brane 


5-brane 


7-brane 


9-brane 


1 


(2,0), (0,2) 
(1,1) 


(3,1), (1,3) 


(4,2), (2,4) 
(5,1), (3,3), (1,5) 


(5,3), (3,5) 


(5,5) 



Table 1: Branes in AdS.xS^ 



Let us decompose with the projection operator 

p± = ^(i±M) as g = g+ + g_, 

and rescale fermionic generators as 
Taking ^ leads to (anti-)commutation relations 
[Jab-, Q± 



Q±V± = Q± 



^Q+f ^z(T2 , [Pa, Q+] = ^Q-pA^o-a 



;Q±^AB , [Jab, Q±] — -Q±^ab 



[Jab, Qh 



1 



AB , 



{Q+, g+} = 2zCr^/i+P+P4 - iACF^ia2/i+P+ Jab - iXCf^ia2h+V+JAB 
{Q+, Q_} = 2tCT^h+V-PA - 22ACF=^z(T2/i+P- Jab • 



(2.16) 



(2.17) 



[Pa, Q-] = i^Q-^Ai(^2 , 



(2.18) 



In summary, we have derived the NH superalgebra for AdS brane, ()2.9j) and ()2.18|1 . as an 
IW contraction of psu(2,2|4). The NH superalgebra for an F-string [15] is contained as 
the p = 1 case. 

We note that generators Pa, Jab, Jab and form a super-subalgebra 

[Pa, Pb\ = X^Jab , [Pa',Pb'] = —^^Ja'b' , [^A, Jbc] = VAbPc ~ VAcPb , 



[Jab, Jcd] = T] Ad Jbc + 3-terms , [Jab, Jcd] = VadJbc + 3-terms , 
[Pa,Q+] = 7^Q+^A'i'^2 , [Jab,Q+] = 7:Q+^ab , [Jab,Q+] = -Q+^AB 



{Q+, g+} = 2tCT^h+V+PA - 2ACr^^ia2/i+P+ Jab - iXCT^ia2h+V+JAB , (2.19) 

which is a supersymmetrization of so(m — l,2)xso(n + l)xso(5 — m)xso(5 — n) for a 
Lorentzian brane and so(m, l)xso(r?, + l)xso(4 — m, l)xso(5 — n) for a Euclidean brane. 
The superalgebra for the (5,5)-brane is psu(2,2|4). Since the dimension of the bosonic 
subalgebra is 14 for (1,1)-, (3,1)-, (1,3)- and (3,3)-branes, 16 for (2,0)-, (0,2)-, (4,2)-, 



(2,4)-branes, and 22 for (5,1)-, (1,5)-, (5,3)- and (3,5)-branes, one may guess the cor- 
responding superalgebras as those including variants of su(2|2) xsu(2|2), osp(4|4) and 
osp(6|2) xpsu(2|l), respectively. The existence of these superalgebras is ensured by ()2.1H) 
and 

It is straightforward to derive MC equations for the AdS brane NH superalgebra ()2.9p 
and frn^ 

dL^ = -r/s^L^^L'^ + iL+T^L+ , (2.20) 
dL^ = -r/^cL-^L'^ - VBc^—^- + iL+V^L^ + iL^V^L+ , (2.21) 
dV^ = -A^L^L^ - r/gjL^"L^'^' - iXL+f^ha2L+ , (2.22) 
dL^'^' = +X^L^'l'' - t],,^,L''~^'l''^' - tXL+f~^'''ta2L+ , (2.23) 
dL^ = -vcdL^^^ - zAL+f^^(T2L+ , (2.24) 

-iAL+f "^m2L_ - i\LJr~^ha2L+ , (2.25) 

-i\L+V~^'^ia2L_ - ?Al_f^'^'m2^+ , (2.26) 
dL+ = -^L^f^za2L+ - ^L^^TabL+ - iL^r^L+ , (2.27) 

dL_ = -^L^r^i(T2-L_ - ^L-TAio-2L+ 

^ AB ^ AB ^ AB 

--L T^bL- - -L — TabL- - -L -T^bL+ ■ (2.28) 

An alternative way to derive these MC equations is to rescale the Cartan one-forms in 
the MC equation ()2.6|) as 

^ fiL^ , L^^ ^ nL^^ , L_ ^ nL_ (2.29) 

and take the limit i7 ^ . This provides the leading order terms of the expansion 
considered in the non-relativistic limit in section 4. 
Finally, let us consider an alternative scaling 

A -A , P4 ^ -Pa , Jab ^ ^Jab , Q+ -^Q+ , Q- V^Q- ■ (2.30) 

iU uj — — ^UJ 

Since A is absorbed as 

Pa^\pa, Pa^\pa, Q±^^Q±, (2.31) 

this is equivalent to ()2.8j) and ()2.17|) with Q = l/u . In this paper, we use fl2.8|l and ()2.17j) 
instead of ()2.30|) . though both limits lead to the same results. 
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3 NH Superalgebra of Branes in IIB PP-Wave 

Type IIB PP-wave superalgebra is obtained as an IW contraction of the super-AdSsxS^ 
algebra. First of all, let us introduce the following quantities for later convenience, 

p± = ± ^o) , Pi = {p* = Joi, p; = j^i') , (3.1) 

g = g(+) + Q(-), g(±) = gW£±, £± = ^r±r^ , r± = i=(r9±ro) 

where i = 1,2,3,4 and i' = 5,6,7,8. The IW contraction is performed in [5] by scaling 
generators in the super-AdSgxS^ algebra as 

pi^jPi^ ^^in^ (3.2) 

and then taking the limit A — > . After the contraction, the super- AdSs x algebra is 
reduced to the IIB pp-wave superalgebra 

\2 1 1 

[Ph J'jk] = VijPk - VikP] , [Pi^ Jjkl = - ^^ikP] ' [-^i' -^ki] = VjkJii + 3-terms , 

[Q^-\ Pi\ = ^Q^+^r.Xza2 , [qw, P-] = -^gwr+xza2 , 
[Q^-\ Pi] = ^^^^^r+r. , [gw, j..] = -^g^^^r.. , 
{gw,gW} = 2^cr_p+ , 

{g(±), g(^)} = 2icr%P5 + ixcfh^ia^p? , (3.3) 

where P^' = (-F^^T+Z, r'^'V+g), r = (FV, F*'^), / = F1234 ^^^^ ^ ^ p5678 r^^j^g bosonic 
subalgebra, the pp-wave algebra, is the semi-direct product of the Heisenberg algebra 
generated by {Pj, P*} with an outer automorphism P_ and the Lorentz algebra generated 

3.1 Lorentzian branes 

Here we consider the case that (-I-, — ) are contained in the Neumann directions. Let us 
denote the Neumann and the Dirichlet directions, respectively, as 

^ = (+,-J), A^h (3.4) 



We derive the NH supcralgebra of a Lorentzian pp-wave brane as an IW contraction of 
the pp-wave supcralgebra. 

Let us first consider the bosonic subalgebra. We rescale generators in the pp-wave 
algebra as 

Pa ^Pa , J^~- ^J^-. , P* kP* , (3-5) 

and then take the hmit Q — > . The resulting algebra is the NH algebra of a pp-wave 
brane 

= (3-6) 



and 



-^f] = '^jk'^ + 3-terms , [ Jg, = 7^ + 3-terms , 

-hi} = - ' hi\ = m-^jk - "^fy ■ (3-7) 
Next we consider the fermionic part. We introduce a matrix M 

M = eT+-^'-^^-' p (3.8) 

where p is a 2 x 2 matrix. Then Q^^^ are decomposed into the two parts as follows: 

gi*^ = ±Qi*^M . (3.9) 

The chirahty of Q^*'^ is preserved only when p =odd. In addition, requiring that = 1 , 
we obtain the following condition, 

£2(-l)[^]p2 ^ 1 . (3.10) 

Then we demand that 

M'r^ = r^M , (3.11) 

M'rHa2 = rHa2M (3.12) 
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where 

M' = C-^M^C = ±(-1)p+['^1m , = ±p . (3.13) 

Since 

M'T^ = ±(-l)['^lr^M , = ±p, (3.14) 

the first condition is satisfied by 

±(-l)[^] = l, p^ = ±p. (3.15) 

This imphes that p^ = p for p = 1 mod 4 and p"^ = — p for p = 3 mod 4 , and that 
M' = —M and £ = 1 . The second condition is rewritten as 

±(-ir = i, p^ = |''^^^ (3.16) 

t 0-1, CTS 

where n is the number of the Neumann directions contained in {1, 2, 3, 4} and {5, 6, 7, 8} 
so that the directions along which a pp-wave brane worldvolume extends are restricted. 
We summarize the results in Table |21 (+, — ;odd,odd)-branes with p = 1 mod 4 and 



p 


1-brane 


3-brane 


5-brane 


7-brane 


9-brane 








(+,-;!, 3) 
(+,-;3,i) 






i(r2 




(+,-;0,2) 
(+,-;2,o) 




(+,-;4,2) 
(+,-;2,4) 




1 


(+,-) 




(+,-;0,4) 
(+,-;2,2) 
(+,-;4,o) 




(+,-;4,4) 



Table 2: Lorentzian pp-wave branes. 

(+, — ;even,even)-branes with p = 3 mod 4 are 1/2 BPS D-branes of an open pp-wave 
superstring [16,30]. Our results are consistent with those obtained in the brane probe 
analysis [29], the supergravity analysis [31] and the CFT analysis in the hght-cone gauge 
[32-35]. 



11 



Scaling Qj*-* as 



(3.17) 



and taking the limit f2 — » 0, we obtain the fermionic part of the NH superalgebra 



pj 



A 



A 



V2 



V2 



A 



(3.18) 



In summary we have obtained the NH superalgebra of a pp-wave brane as ()3.6|) . ()3.7p 
and ()3.18|1 . This superalgebra can be derived from the NH superalgebra of an AdS brane 
fim|l and (ITTTn) by an IW contraction. 

We note that the NH superalgebra of a pp-wave brane contains a super-subalgebra 
generated by P±, R, P*, J^^^, and gf ^ 

-^f] = + 3-terms , [Jj|, J-g] = r]^J^ + 3-terms , 

{g^\gf^} = 22cr_p+p+ , 

{g^\ g+ ^} = 2iCri.V+P. + i\Cfha2l-V+P-* . 



(3.19) 
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This is regarded as a supersymmetrization of the pp-wave algebra which is the isometry on 
the brane worldvolume and the Lorentz symmetry in the transverse space. The existence 
of this super-subalgebra is ensured by the conditions ()3.11|) and ()3.12p . 



3.2 Euclidean branes 

We consider the case that (+, — ) are contained in the Dirichlet direction. Let us denote 
Neumann and Dirichlet directions as A = i and A = (+, , respectively. We derive 
the NH superalgebra of a Euclidean pp-wave brane as an IW contraction of the pp-wave 
superalgebra. 

First we consider the bosonic subalgebra. We rescale generators in the pp-wave algebra 

as 

Pa ^Pa , J-^' , P* ^K* , (3.20) 

and then take the limit f2 — > 0. Under the contraction, we obtain the NH algebra of a 
Euclidean pp-wave brane 

[^'^] = -;^^^' iPbPl\ = -^RP^^ (3-21) 
and (IT7I) . 

To contract the fermionic part of the pp-wave superalgebra, we introduce a matrix 

M = iV^^-^^p , £2(-l)['^lp' = 1 (3.22) 

and decompose Q*^^^ as 

Qi'^ = ±Q^'^M (3.23) 

where p =odd for the chirality of Q*-^-*. We demand that ()3.11|1 and (j3.12j) are satisfied. 
The first condition ()3.11|) is satisfied when 

± = 1 , p^ = ±p (3.24) 

so that p^ = p for p = 1 mod 4 and p"^ = —p for p = 3 mod 4. It follows that M' = —M 
and i = V— 1. Next, the second condition ()3.12|) is found to be satisfied when 

±(-1)^+^ = 1, p=<( . (3.25) 
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This restricts the brane configuration as follows: (odd,odd)-branes with p = 1 and 
(even,even)-branes with p = ai,a3 for p = 1 mod 4, and (odd,odd)-branes with p = ia2 
for p = 3 mod 4. We summarize the result in Table El (even,even)-branes of p = 1 mod 4 



p 


1-brane 


3-brane 


5-brane 


7-brane 


9-brane 




(0,2),(2,0) 




(2,4),(4,2) 






ia2 




(1,3),(3,1) 








1 


(1,1) 




(1,3),(3,1) 




(5,5) 



Table 3: Euclidean pp-wave branes 



and (odd,odd)-branes of p = 3 mod 4 are 1/2 BPS D-branes of an open pp-wave super- 
string [16,30]. 

Scaling Q^^'^ as ()3.17|1 and taking the limit Q ^ 0, we obtain the fermionic part of the 
NH superalgebra of a Euclidean pp-wave brane 



{gi+\g^+)} = 2zcr.p+ , 



{gf \ gL^^} = 2tcrk^p- + ixcri^ia2P{ . (3.26) 

Summarizing we have obtained the NH superalgebra of Euclidean pp-wave brane as (j3.2H) . 
fl3.7|) and ()3.26|) . Obviously, this superalgebra can be derived from the NH superalgebra 
of an AdS brane ()2.9p and ()2.18p by an IW contraction. 

We note that the NH superalgebra contains a super-subalgebra generated by P, P*, 
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J^, J|j and ^ 

i'^^JM\= + 3-terms , [J||, Jg] = ?^J|| + 3-terms 

{Q+\ Q+^} = 2tCTk^P, + iXCfk^ia^P? (3.27) 

which is regarded as a supersymmetrization of the Poincare algebra generated by {P, J|j} 
which is the isometry on the brane worldvolume and the Lorentz symmetry in the trans- 
verse space generated by {P.*, J-^}. The conditions ()3.1ip and ()3.12|1 ensure the existence 
of this super-subalgebra. 



4 Branes in AdSsxS^ 

A D-brane action [36] (see [37] for flat D-branes) is composed of the Dirac-Born-Infeld 
(DBI) action and the WZ action 

S = ^DBI + 'S'wZ • (4-1) 

The DBI action is given, suppressing the dilaton and axion factors here, as 

5dbi = T^/:dbi, Cj,Bi = ^/sdet{g + r)(F^^i (4.2) 

where T = F — B and F = dA, and s = — 1 for a Lorentzian brane while s = 1 for a 
Euclidean brane. T is the tension of the brane. B is the pullback of the NS-NS two-form 
and A is the gauge field on the worldvolume. For an F-string, the DBI action is replaced 
by the Nambu-Goto (NG) action 

5'ng = T £ng , -^^NG = det 5f (f^ . (4.3) 

The WZ action^ is characterized by supersymmetric closed {p + 2)-form hp^2 

S^Z=T [ £wz , V2 = dCy,z = V l/,(^'+2-2n)^" . (4.4) 



^See [38] for the Roiban-Sicgcl formulation [39] of AdS D-branes. 
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The closedness of hp^2 

= dhp+2 = J2~\ {dh^""^^"^'"^ - h^^^^^'^dJ^) ^" (4.5) 

n=0 ^' 

implies 

clh(p+2-2n) _ J^{p-2n)^jr = Q . (4.6) 

4.1 CE-cohomology classification 

In [20], it is shown that the Wess-Zumino (WZ) terms of p-branes in flat spacetime can be 
classified as non-trivial elements of the Chevalley-Eilenberg (CE) cohomology [21]. Let 
C^(0,R) be the vector space of p-cochains of a Lie algebra g. A p-cochain is a linear 
antisymmetric map: g x ■ ■ ■ x g i— M and a coboundary operator 6 with 5^ = acts as 
CP(g,M) ^ CP+i(g,M). The CE cohomology group HP{g,R) is defined by Z^/Bp where 
ZP and BP are the vector spaces of p-cocycles c & Z^ satisfying 6c = and p-coboundaries 
c & BP satisfying c = 6c' with c' G C^^"'^(g,R), respectively. In the present context, this 
is viewed as the de Rham cohomology group Ep{G, M) for left-invariant (LI) p-forms on 
the supergroup G = "super- Poincare" / "Lorentz" , for which a non-trivial element of the 
cohomology is a closed LI p-form modulo exact LI p-forms on G. This is generalized 
to D-branes in [22, 23] by introducing an additional two form which corresponds to the 
modified field strength of background B field. 

Here we examine WZ terms of AdS branes by using the CE cohomology on g of 
the supergroup G =PSU(2,2|4)/(SO(4,l)xSO(5)), i.e. "super-AdSgxS^"/ "Lorentz". We 
show that except for the p = 1 case hp^2 can be obtained as a Lorentz invariant non-trivial 
element of the CE-cohomology on the free differential algebra which is the MC equations 
(12. 6p corresponding to the super- AdSsxS^ algebra (|2.ip equipped with 

dJ" = -iL'^LTAaL (4.7) 

where a is for D-branes while — ui for Fl- and NS5-branes. 

In order not to introduce an additional dimensionful parameter we assign a dimension 
to Cartan one-forms as follows 

(4.8) 

dim 1 1/2 -1 2 J9+ 1 A; - 1 
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where dim hpj^2 = p + 1 because dim hp^2 = dim = dim C^^j = p + 1 for structureless 
fundamental branes. 

Suppose that h^''^ is of the form (L'^)"(L°)'^A', then n, m and / must satisfy 

n H — m — I = k — 1, n + m = k, (4.9) 
2 

because h^''^ is a Lorentz invariant fc-form of dimension k — 1. We require that ea^-a^ and 
€a\-a'^ are accompanied with A; Xeaj^...a^ and Aea'^...^^, because ea^.-.a^ and ea'^...^^ disappear 
in the flat limit A ^ 0. Requiring / > because otherwise h^'^^ diverges in the flat limit. 
This implies / = —^m + 1 < 1 and so we consider / = 0, 1. Since ()4.9|) is satisfied for 
{m,n) = {2,k — 2), {0,k) for Z = 0, 1, respectively, we find that h^''\ k = 1,3,5,..., has 
the following form 

h^^'> = 0, (4.10) 
= cfL'^LrJ^^L + cf'>L^'Lr,>gf^L, (4.11) 

+6oAea,...a5L"^ ■ ■ ■ + fosAe^.-.^L^ ■ ■ ■ L'^K (4.12) 
/i(^) = cS^L'^^ ■ ■ ■ L'''LTa,...aJJ^L + ■■■ + L^^i ■ ■ ■ L<LTa'^...,>gPL, (4.13) 
,^(9) ^ ^(9)La. . . . L«^Zr,,...,,f.(^)L + ■ ■ ■ + cf^L< ■ ■ ■ L^^lr,, (4.14) 

where cf'^ and bi are constants determined below, gf^'' are 2x2 matrices satisfying 
g^''^'^ = g^^^ for A; = 3, 7 while f)'-'^^^ = —g^'^'^ for = 5,9, because CV'^'^'"^^ is symmetric 
for = 1, 2 mod 4 and anti-symmetric otherwise. 

It is straightforward to solve (j4.6p to determine coefficients and g^^\ We find 

/iW = 0, (4.15) 
/i(3) = cL^LTAgL, (4.16) 
/,(5) ^ I [L^iL^2L^3Xr^^^^^3^a2L + ^A(e,,..,3L»i ■ ■ ■ L'^s - e,. ..... L< ■ ■ ■ L<)] ,(4.17) 

= ^L^i . . . L^^olY gL, (4.18) 
5! 

/,(9) = ^L^i . . . L^^LTA,...A,tcT2L . (4.19) 

In Appendix |Bj c = c'q^ is determined by the K-invariance [36] of the total action S as 
c = i and 1 for Lorentzian and Euclidean branes respectively: c = ^/s. g is (Ji{a^) for 
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o" = o's{—ai) respectively. The closedness fl4.6|) is ensured by the Fierz identities 

(CrB)(,^(Cr^--^«^«or2)^5) + 6iCT^^'-^^0)ia(3{CT^'^a)^s) = . (4.20) 

In summary, closed {p + 2)-forms hp^2 are composed in terms of h^'^'^ found above as in 
()4.4|) . The actions S for Fl- and D3-branes coincide with those obtained in [40] and [41], 
respectively. 

We show that /ip+2 is a non-trivial element of the cohomology except for h^. If hp^2 
is exact, there exists such as hp+2 = dbp+i. Since 

= db2 , 62 = -cX-^LIgia2L (4.21) 

hs is a trivial element of the cohomology [24,25]. Next we show that hp^2 with p = 3,5,7 
is not exact. Let us examine a term of the form j^^r^h'^^'^J-'^ contained in /ip+2- We 
note that can be written as^ 

= ic\-^Llaia2L (4.22) 

up to an exact form, and that there does not exist a one-form supercurrent / such that 
T = df. So bp^i must contain a term of the form Llgia2LJ-'^ . Differentiating it, we 
have Llgia2L L^^LTactLJ-'^ in addition to pli h^"^^ J-'^ . For hp^2 to be exact, this 
term must be canceled by the differential of a term which is a (p + l)-form with p — 1 
L"'s. From the MC equation ()2.6|) . we see that there does not exist such a term. Thus 
hpj^2 with p = 3, 5, 7 obtained above are non-trivial elements of the cohomology. 

4.2 (j9 + l)-dimensional form of the WZ term 

In this subsection, we give the {p + l)-dimensional form of the WZ term /ip+2- We 
follow [40,41] in which the (p + l)-dimensional form of the WZ term of Fl- and D3-branes 
are given. 

^This implies that = h'-^'^ + h^^^^T with = ic\ and /i^^) = -cLIai(J2L can be a nontrivial 
element of the cohomology. It is interesting to examine the 0-brane action with the WZ term h2 ■ 
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The LI Cartan one-forms satisfy the following differential equations 



dtL' 



(4.23) 
(4.24) 
(4.25) 



where a "hat" on a supercurrent implies that 9 is rescaled as ^ — > tO. First we note that 



dtdJ' = -dtdB = -2id(L^LTAa6 



(4.26) 



This is solved by 



B = 2i dtl^LTA(T9 + B^^'^ . 



(4.27) 



where i?'-^^ is a bosonic 2-form satisfying dB^'^^ = 0. Thus we obtain 

= F-2i ! dtt^LTAod - fi^^^ , 



dtp = -2iit^LVA(ri 



(4.28) 
(4.29) 



For D-brane actions, we choose -B'-^-' = 0. 

By using ()4.23p - ()4.25p and ()4.29|) . one sees that the closed {p + l)-form satisfies 



dthp+2 — dbp^i , 



(4.30) 



where 



It follows that 



£=even 

[2n — ly. 



hr. 



p+2 — / ^wz - 

B 



where = S, and C*^^^^-* is a bosonic (p + l)-form satisfying 



(4.31) 



(4.32) 



p+2 I bosonic 



(4.33) 



Letting p = 1 and a = —cri, we reproduce the WZ term of an F-string. 
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5 Non-relativistic Branes in AdSsxS^ 

In [15], the non-relativistic F-string in AdSsxS^ is examined. There the leading contribu- 
tions of the NG and the WZ parts in the non-relativistic limit cancel each other, and the 
next-to-leading terms contribute to the non-relativistic F-string action. Thus, in order to 
extract non-relativistic brane actions, we need to know the next-to-leading order terms in 
the limit i7 ^ 0. Let us consider the scaling 

nx^ , ne. , (5.1) 

T = fi-^TNR , F = QF^. (5.2) 

()5.1|) is consistent with the scaling ()2.8|) and ()2.17|) . It is straightforward to see that by 
substituting (j5.1|) into the concrete expression of the supercurrents given in Appendix 
lA.H and L are expanded as 



n=0 n=0 

(5.3) 

n=0 n=0 

Expand as 

L^^ = J2n^-Li\ L^ = 5^fi2«Lif, L^^ = 5^fi^"+^L£,, (5.4) 

n=0 n=0 n=0 

and substitute ()5.3p and ()5.4|) into the MC equation ()2.6p for the super-AdSsxS^ algebra, 
then the LI Cartan one-forms {Lq, Lf", L+o, L^i, L^^, L^, Lf— } form the MC equations 
^TM - ^n^ for the NH superalgebra. ^ 

We consider the non-relativistic limit of the AdS branes obtained in the previous 
section. In the following subsections, we will show that when we introduce 

M = v^r^°-^f ® p (5.5) 

with p = cri(io"2) for Dp-branes with p = 1(3) mod 4, respectively, and with p = for Fl 
and NS5, AdS p-brane actions admit expansion 

S = Tnn [ \n-^iCf^a + C^l) + C^lo + + 0(1^')] . (5.6) 

''As will be seen below, the non-relativistic actions are composed of {L^, L^, L^, £+0, -^+27 -^-i}- So 
these actions are not invariant under the NH superalgebra, but under an expanded superalgebra [24, 43] 
(see also [44,45]) which is a generalization of the IW contraction [4], generated by generators dual to 
{Li, l4, L±„, L^^, L#^, Li^\Q<m< 2}. 
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For the consistent non-relativistic limit f2 — > 0, the divergent term J [Cf^c +Cyfi) should 

I DBI 

cancel out. First, we show that 

dC% + hfl^ = . (5.7) 

I DBI 

This implies that the divergent terms with 9 cancel out, since h^^2 is composed of only 
terms with 6. Next, we consider the bosonic terms of £*ng + -^wz 

I DBI 

1 I. I„ -^(p+l) 



(P + 



where Cq is the leading contribution of C*^^"'"^-' in ()4.32|) . This is deleted by choosing 
^b+i) _ ^^g^o . . . g^p_ jg gg^gy ggg ^]^g^|- = Q by uslug t hc expres- 

sions given in Appendix lA.ll Thus the bosonic divergent terms also cancel out. As a 
result, we derive the non-relativistic brane action 

SnK = ^NR / -^NR 7 -^NR = -^fNG + -^WZ (5-9) 

which is drastically simplified by gauge fixing the K-symmetry by ^+ = 0. We examine 
each AdS branes in turn below. 

5.1 F-string 

First, we consider an F-string. The 3-form is given in ()4.1fij) with p = (73. The gluing 
matrix M is 



M = v^r^°^^ ® /) , p = ai,(T3,l. (5.10) 



Since 



h-s is expanded as 



M'rAg = rAMg = ±rAgM , p={'"'''^ , (5.11) 

0-1 



Th = T^R^-^hf^ + TNR/if + 0{n^) , (5.12) 
= v^L^L+o^A^?L+o , (5.13) 



/if 



3 



+2LiL+oTAgL+2 + 2L^L+oTAgL-i] , (5.14) 
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for p = (Ts,!, while is of order Q for p = ai. On the other hand, the NG part is 
expanded as 



C^Z = VTd^t/^^ = det((L^),)rf^e = \eAB{^j){L§) 
^NG = ^Vsdet go go{g2)ijd^^ , 



(5.15) 
(5.16) 

(5.17) 



with e^g^^ = 1 and 

i92)ij = 2(L^)^i(L^)j)r]AB + (LY)i{LY)jT]AB ■ 
The leading contribution satisfies [15] 

where we have used ()2.20p and = ML^. This cancels out hf''" in ()5.13p only when 
g = p 



(5.18) 
(5.19) 

(5.20) 







(5.21) 



This implies that 6'-dependent terms in + cancel each other. The bosonic term 
of in (jSIH), ie^^eo , is deleted by choosing C^^^ in (lO^ as 



(2) 



A B 



(5.22) 



which satisfies dC, 



(2) 



0. Thus, the gluing matrix ()5.10|) with p = leads to the 
consistent non-relativistic limit of the F-string. The non-relativistic F-string action is 
(Q with (IKT7|l and 



r>fin 



L^(L_iFAf?^_ + Z+2FAf 



+Lf(L_iF^^ 



(5.23) 



We fix the K-gauge symmetry of the action by 6*+ = (see Appendix^. Then we 
have 



'1 1 



(^o)ij = (eo )i(e^)j^AB • 



= dd^ + ^e^f^za2^_ + \u;frABe- 



(5.24) 
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In the static gauge, = (e^)j is the vielbein on the AdS brane worldvolume. Thanks 



to the K-gauge fixing, we can perform the t-integration in (j5.23p easily. is reduced to 

-^NG = d'^^V^ det go ieQ)i{e^)jVAB + ^9q {eY)i{ef-)jr]AB + igo9_jiDj9_ (5.25) 

where 7^ = (e^)jr^. By parameterizing the group manifold as in Appendix lA.ll it is 
rewritten as 

'Igl'd.y^djy^AB + y (my^ - ny") + z^_7'D,:^^-] (5.26) 



-^NG = d^Wsdet go 

for an (m, n)-brane with (m, n) = (2,0), (0,2). On the other hand, ^^/z reduced to 



= v^e^D^_r^^^_ = d^^^/sdet 



9o 



(5.27) 



where we have used 6_ = —M6_ in the second equality. Combining these results, we 
obtain the non-relativistic action 



■90 



^gl'd,y^d0A + Y(my2 - ny'') + 2x6 ^^'D.O^ . (5.28) 



This is a free field action of scalars and fermions propagating on (2,0)- or (0,2)-brane 
worldvolume. For the case of a Lorentzian (2,0)-brane, this reproduces the non-relativistic 
AdS2 brane action obtained in [15]. 

5.2 D-string 

Secondly, we consider a D-string, for which Q = (Ji and a = a^. The gluing matrix M is 
given in ()5.10p . Since 



M'TaQ = TaMq = ±Ta0M , p 



ai, 1 



(5.29) 



/13 is expanded as (j5.12p with g = <Ji for p = ai, 1, while is of order Q for p = a^. We 
note that for p = ai, is of order Q 



'0 



(5.30) 
(5.31) 



smce 



M'Txa = -TiaM . 



(5.32) 
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So, the DBI part is expanded as 

TCbBI = TnR^ ^'^DBI + ^NR-^DBI + O(fi^) , (5.33) 
= yid^rf^e , (5.34) 

^^Bi = ^Vsdet go (^gl\g2)ij - ^9l!'{^i)kjgo{^i)ii^ d'^i (5.35) 

where g^, g2 and J^i are given in (j5.18j) . (j5.19|) and (j5.3H) . respectively. For p = 1,(J3, 
T is of order VP . As was done for the F-string case, the hf'" in ()5.13p with q = ai and 
the leading contribution of the fermionic part of the DBI action cancel each other. By 
choosing C^^ = —\^ab^o^o ^ the bosonic terms of the divergent part cancel out. Thus, 
the gluing matrix with p = ai leads to the consistent non-relativistic limit of the D-string. 
The non-relativistic D-string action is given by (j5.9|) with (|5.35|) and 

Jo L 

+tf{LiTAgO+ + UoTaqO-) + Ul^oTaQO+] ■ (5.36) 

Let us gauge fix the K-gauge symmetry by choosing 6'+ = 0. This makes it easy to 
perform the t- integration in C^^. The t- integration in J^i in (j5.31|) disappears and we 
have J^i = Fi. In the similar way in the F-string case, we obtain the non-relativistic 
D-string action 



'S'nr = ^NR d^^^/sdet go -g'o diy-djyA + ^{my"^ - ny'^^ 



+2ie.fD,e- + ^(Fi),,(Fi)^^] . (5.37) 

This is a free field action of scalars, fermions and a gauge field propagating on (2,0)- or 
(0,2)-brane worldvolume. 

5.3 D3-brane 

Thirdly, we consider a D3-brane for which g = ai and cr = (T3. The gluing matrix is 

M = v^r^o-^^ ® ia2 . (5.38) 

Since 

M'Ts,...B,^(r2 = Ts,...B,^(T2M , M'F^f? = -F^fpM , M'F^a = -F^aM , (5.39) 
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JF and are of order Q as in ()5.30p and the WZ part is expanded as 



idiv _ ^/^ T Aij A2T Mj p_ _ r 
"-5 — "31" -^0 -^0 ^+0^ Ai-A3^(^2i^+Q 

/if = /if) + hf^Ti 



(5.40) 
(5.41) 
(5.42) 



with 



/if) = a/s 2Lo L+or^^L_i + 'LyL+qTaqL^ 



+2Lo ^Lo^LQ^L+or^^...^3criL+2 + 6Lq ^Lj^^L-^L+or^j...^2^g(TiL_i 
+ 6L0 ^ L]-^ ^ -^+0 r Ai A2 A3 0"! -^+0 



(5.43) 
(5.44) 



where 5*^™'") = 1 for a (m, n)-brane and = for others. This imphes that the 

bosonic 4-form C*^'') is expanded as 



(4) 







(5.45) 
(5.46) 



JA^(4) _ Vf . --v /e(3,l). pSi az as a4„a5 _ r{l,3) , , , , Xp^L^^L^^^ fc; 

— 21 ^^^l^f eaia2a3a4ageo Cq Cq 6^ ^a{a'^a'^a'_^a'^^0 ^1 ) 

On the other hand, as JF is of order Q, the DBI part is expanded as in ()5.33|) . As was 
done in the p = 1 case, we find 



3! 



■■L^^L+or^,..A3^^2l^+o • (5.48) 



Thus the fermionic part contained in ^dbi cancel each other. In addition, the 

bosonic terms deleted by choosing 



(4) 



(5.49) 



which satisfies dC^'^^ = 0. Thus the matrix M leads to the consistent non-relativistic limit 
of the AdS D3-brane. 

The non-relativistic D3-brane action is given as ()5.9|) with ()5.35p and 



/-D3 



dt 



cf ) + c['^A 
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(5.50) 



with 



,(4) 



2c 



A-ii AoT A. 



Cf ^ = 2c(L^(L+or^^^_ + L_^TAQe+) + Lf L+or^^^+) . (5.51) 
The bosonic contribution C^^ is 

= 4iV^A /ci^eAAd^k'''^e^%yV - (5.52) 



where Sj„ x E[j is the (m, n)-branc worldvolume, and vol^^ = -^eai-.-a^eg^ • • • Cq^ ^(^') 
represents the worldvolume direction in AdS5(S^ respectively). By fixing the ^-symmetry 
as ^+ = 0, the non-relativistic action is simplified as 



C-DS rp 



d^iy/s det^o i^godiy-djy^AB + -^{my'^ - ny'"^) 



2nr / Co^"* 



(5.53) 



5.4 D5-brane 

Fourthly, we consider a D5-brane for which q — (Ti and a — uz- The gluing matrix is 



M = v^r^° -^5 ® p , p = (71,(73,1. 



(5.54) 



Since 



CTi, 1 
•73 



M'Vb,...bM2 = ±r^,...BJ(72M , p 



M'Tao- = ±Ta(tM , p 



(71 



(5.55) 
(5.56) 
(5.57) 
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T is of order Vl only for p = o\. In this case the WZ part is expanded as 



5! 



L dro _ V T Ai T ^5 r p _ _ „ r 



(5.58) 
(5.59) 

(5.60) 



and the DBI part is expanded as ()5.33p . We find that ^ Yi^' and h^^'' are given as 



,(3) 



2 5! 



+2Lq^ ■ ■ ■ Lo^Iv+oryi^...yigf)L+2 + IOLq^ ■ ■ ■ Lq^Lj^ ^L+oryi^...^^^^f)L_i 



Al T A2 T A'i 



(3) 



y/sh^L+oTAQL+O . 



(5.61) 

(5.62) 
(5.63) 



This imphes that the bosonic 6-form C^^^ is expanded as 



.(6) 



(6) 



da 



dCf^ 



X 



S^'''h-a,...-a,a,el^ ■ ■ ■ e^^ef - <5(2.4)e,, e^'^ ■ ■ ■ ^ef F, . (5.66) 



(5.64) 
(5.65) 



Because 



5! 



di^sdetgod'^O = -^^K" " " " K'L+or^^...^^jL+o , 



(5.67) 



hf"" in ()5.59p and the fermionic term in the DBI part /^^gj cancel each other. As before, 
one sees that the bosonic terms are also deleted by choosing Cq^^ = —^^Aq -'As^o" ' ' ' ^o''- 
Summarizing we have shown that the matrix M with g = ai leads to the consistent 
non-relativistic limit of the AdS D5-brane^. 

The non-relativistic D5-brane action is given as ()5.9|) with fl5.35p and 



/-D5 



WZ 



dt 







,(2) ^2 



(5.68) 



■''It is now obvious that for NS5-brane with g — and a = —ai the gluing matrix (|5.54|) with p = 
leads to the consistent non-relativistic NS5-brane. 
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with 



*-'2 



2c 



(4) 



^(2) 



2c 



+ 2^0 ^L+or^iA2A3^cr26'+ 



= 2c 



(5.69) 



The bosonic contribution is 



(5.70) 



where y{y') is the transverse direction in AdS5(S^), and represents the worldvolume 
directions in AdS5(S^). * means the Hodge dual in E2 or The K-gauge symmetry is 
fixed by ^+ = 0, and the non-relativistic action is simphfied as 

•1 ... A2 



90 



^godiy-djyA+'-^{my'^ - ny' ) 



NR / (^2^^ 



(5.71) 



5.5 D7-brane 



Finally, let us consider a D7-brane for which g = ai and a = a^. By using the gluing 
matrix 



one derives 



M = v^r^°'"^' ® icr2 (5.72) 
M'Ts,...Bsi(^2 = Ts,...Bsi(^2M , M'TaQ = -TaqM , 

M'T^a = -r^fjM . (5.73) 
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These imply that T is of order and the WZ part is expanded as 



7! 



/in 



,(5) -r-2 



(5.74) 
(5.75) 

(5.76) 



and the DBI is as in ()5.33p . It is straightforward to see that /i2^\ and Yl'q^ are given 
as 



,(5) 



(7) 



A7 



7! 

+2Lo^ ■ ■ ■ Lo^-L+or^^...^^i(j2L+2 + 14Lq^ ■ ■ ■ Lq ^Lf'^L+or^j...^g^^icT2-L_i 
+42Lo ^ ■ ■ ■ Lf^LY^'LY''L^Qr^^...^^^^^^i(T2L+o 



5! 



~ 3! 



2Lo ^ ■ ■ ■ Lq '^Iv+or^^...yi5^L_i + 5Lo ^ ■ ■ ■ Lq^L^ ^Lj^qT ^^...a^a.qL 



+0 



(5.77) 
(5.78) 



+y (5(^'^)e,,,,,3,,,3L^^L^^LS^LrLS^ " (J^^^'^^e,;,.,.,.,. L^^L^^^L^^L^^)] .(5.79) 
This imphes that the bosonic 8-form C^^-* is expanded as 



.(8) 



(8) 



da 



(8) 
2 



2zyi, 



(5.80) 
(5.81) 
(5.82) 



As before, we find 

d{^Jsdetg,d^S,) = rf(det((L^),)f/'0 = -^Tf^o' ' ' -"^o'L+.T A^...A^ia2L+^ 



(5.83) 



This imphes that hg and tlie fermionic terms in £f,Bi cancel each other. The bosonic 
terms are also deleted by choosing Cf'^ = —■^e^^...A^eQ° ■ ■ -eg^. Thus we find that the 
matrix M leads to the consistent non-relativistic limit of the AdS D7-brane. 
The non-relativistic D7-brane action is given as ()5.9|) with ()5.35|) and 



rB7 



dt 



7(6) 



1 



'(4) -f-2' 



(5.84) 
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with 



,(8) 



2c 



7! ° 



I ^ T Ai 



6! 



, 1 f Ai 



(6) 



2c 



L5!^° 



(4) 



2c 



The bosonic contribution is 



(5.85) 



(5.86) 



where represents worldvolume directions in AdS5(S^), and * means the Hodge dual 
in E3 or Eg. The K-gauge symmetry is fixed by 6*+ = 0, and then the non-relativistic 
action is simphfied as 



SSr = Tnr I d^^s det go -Qodiy-djyA + -^^{my'^ - ny 



/2n 



+2i^_yD,^_ + ^(Fi),,(Fi)^^' 



NR / 



(5.87) 



In summary, we have derived non-relativistic AdS Dp-brane actions in AdSsxS^. In 
the flat limit A — > 0, these actions for Lorentzian branes are reduced to the non-relativistic 
Dp-brane actions in flat spacetime derived in [12]. 



6 NH Superalgebra of Branes in AdS4/7xS^/^ 

The super- isometry algebra of the AdSq+2 xS^~* (q = 2, 5) solution of the eleven- dimensional 
supergravity is generated by translation Pa, Lorentz rotation Jab = {Jab, Ja'b') and 32- 
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5 




component Majorana supercharge Q as 

[Pa, Pb] =4:e^^^Jab , [Pa' , Pb'] = — C^A^Ja'b' 
[Jab, Pc] = VbcPa — VacPb , [Ja'b, Pc'] = Vb'c'Pa' — Va'c'Pb' , 

[Jab, Jed] = VbcJad + 3-terms , [Ja'b', Jc'd'] = Vb'c'Ja'd' + 3-terms , 
[Pa, Q] = -^Q^A , [Jab, Q] = ^QTab , 

{Q, Q} = -2CT^Pa + XCT^^'Jab (6.1) 

where f ^ = (2X1^X1'^') and f^^ = (2X^"^ -XT'^'*'), and = 1 for g = 2 and = -1 
for g = 5. For q = 2, this superalgebra is the super-AdS4 x S"^ algebra, osp(8|4), with the 
vector index of AdS4, a = 0, 1, 2, 3 and that of S'', a' = 4, 5, 9, t]. On the other hand, for 
g = 5, this superalgebra is the super-AdS/xS"^ algebra, osp(8*|4) with the vector index 
of S^, a = t], 1, 2, 3 and that of AdSr, a' = 4, 5, 9, 0. We use the almost positive metric 
Vfj.u- We define A and X as 

j^rBi23 Y^ = r' (6.2) 

where Rs and RAds are the radii of S^^"^ and that of AdSg+2, respectively. The gamma 
matrix G Spin(l,10) and the charge conjugation matrix C satisfy (j2.2jl . 

Letting g he a. group element of the supergroup of the superalgebra ()6.1|) . the LI 
Cartan one-form is defined as 

n = g-'dg = L^Pa + ^L^^'Jab + QaL" ■ (6.3) 

The commutation relations [T|,Tg} = /ab'^'Pc^ '^A ~ {Pa, Jab,Qi}, are equivalent to 
the Maurer-Cartan (MC) equation 

dn = -nAn . (6.4) 

The MC equations corresponding to the superalgebra 1)6.11) are derived as 

dL^ = -riBci^^^'L^ - Lr^L , 
dL"^ = -Ae^X'^L^L^ - Vcdi-'^'L'"^ + 2XLlT^^L , 
dL-'b' = +e^X^u'L'' - //.^.X^'^'L^'-^' - AlXF'^'^'L , 

= ^L^FaL - ^L^^'TabL . (6.5) 
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1-brane 


2-brane 


5-brane 


6-brane 


9-brane 


10-brane 


(1,1) 


(0,3), (2,1) 


(1,5), (3,3) 


(0,7), (2,5), (4,3) 


(3,7) 


(4,7) 



Table 4: Branes in AdS4/7xS^/^ 
We introduce a matrix M 

where {Aq, ■ ■ ■ , Ap} are directions along which the brane worldvolume extends, so A = 
{A, A). Let an AdS brane extend along m directions in AdS4 or and n directions in 
or AdSr, then the AdS brane worldvolume admits AdS„(H"^)xS" or S™xAdS„(H") 
isometry algebra for a Lorentzian (a Euclidean) brane, respectively. After contraction, the 
isometry of the transverse space is reduced to the Poincare algebra iso(4 — m) xiso(7 — n) 
(iso(3 — m, l)xiso(7 — n)) or iso(4 — m)xiso(7 — n) (iso(4 — m)xiso(6 — n, 1)) for a 
Lorentzian (a Euclidean) brane. We require that the contracted superalgebra contains a 
super subalgebra, the supersymmetrization of the direct product of the isometry algebra 
on the AdS brane worldvolume and the Lorentz symmetry in the transverse space, so(m — 
1, 2)xso(n + 1) xso(4 — m) xso(7 — n) ( so(m, 1) xso(n + l)xso(3 — m, l)xso(7 — n) ) for a 
Lorentzian (a Euclidean) brane in AdS4xS'', and so(m + l)xso(n — 1, 2)xso(4 — m)xso(7— 
n) ( so(m + l)xso(n, l)xso(4 — m)xso(6 — n, 1) ) for a Lorentzian (a Euclidean) brane 
in S^xAdSy, respectively. This is satisfied if 

MT^ = r^M , M'f = f^^M , (6.7) 

where 

M' = C-^M^C = (-1)p+i+['^1m . (6.8) 
The first condition is satisfied ii p = 1,2 mod 4. Since 

where d is the number of the Dirichlet directions contained in {jj, 1, 2, 3}, these are satisfied 
by (odd,odd)-branes {p = 1 mod 4) and (even,even)-branes (p = 3 mod 4). We depict 
branes in Table EJ The 10-brane is just AdS4/7xS^/^ itself as M = 1. The p-branes with 
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p = 1 mod 4 are 1/2 BPS Dirichlet branes of an open supermembrane in AdS4/7xS''/^ 
[26,27]. The brane probe analysis for M-branes [42] is also consistent with this result. 

We derive the NH superalgebra for these branes as IW contractions of the super- 
AdS4/7xS''/^ algebra. First, we rescale generators as 

Pa^^Pa, Jab-^^Jab, Q-^^Q- (6-10) 
where we have decomposed Q as 

g = g+ + g_, q±p± = q±, p± = ^(i + m). (e.ii) 

Substituting these into (jfi.lj) and then taking the limit Q —* 0, we derive the NH superal- 
gebra for an AdS brane 

[Pa,Pb] = 4e^A^Ja5 ! [Pa',Pb'] = —^^^^Ja'b' 5 

[P„ Pb} = 4e^X'J,b , [P-a', Pbj] = -e'X'J-a'bj , 

[JABy Pc] = VbcPa ~ VAcPb ! [Jab: Pc] = ~VAcPr > 

[Jab, Pg] = VbcPa - VaqPr , 

[Jab, Jcd] = Vbc-Jad + 3-terms , [Jab, Jcd] = Vbc-^ad + 3-terms , 

[Jab, Jcd} = VbcJad ~ VAc^bd , [Jab, Jcd\ = VbdJca ~ VadJcb , 

[Pa, Q±] = ~Q±^A , [Pa, Q+] = -^Q~^A , 

111 

[JAB,Q±] = 2^±^AB ; [■Jab,Q±] = -Q±^AB , [Jab,Q+] = -^Q-^AB , 

{g+, g+} = -2cr^p+p^ + xct^^'v+Jab + xct^v+Jab , 

{Q+, Q_} = -2CT^V^Pa + 2XCV^^V-Jab ■ (6.12) 

We note that this superalgebra contains two bosonic algebras and a superalgebra 
as subalgebras. One is the isometry of the (m, ?T,)-brane worldvolume, generated by 
{Pa, Jab), AdSm(H™')xS" algebra for a Lorentzian (a Euchdean) brane in AdS4xS'^ 
and the S™'xAdS„(H„) algebra for a Lorentzian (a Euclidean) brane in S^xAdSy. An- 
other is the isometry in the transverse space generated by {Pa, Jab}, the Poincare algebra 
iso(4 — m) xiso(7 — n) ( iso(3 — m, 1) xiso(7 — ra) ) in AdS4xS^ and iso(4 — m) xiso(7 — n) 
( iso(4 — m)xiso(6 — n, 1) ) in S'^xAdSy for a Lorentzian (a Euclidean) brane. The other 
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is the superalgebra generated by {P4, Jab, Q+} 

[P-a, A] = 4e2AV,s , [P-a,, Pi,] = -e^X^J-^ry , [J^s, Pc] = VbcPa - VAcPb , 

[Jab, Jcd] = VbcJad + 3-terms , [Jab, Jcd] = VbcJad + 3-terms , 

\ ^ 1 1 

[Pa,Q+] = —-^Q+^A , [■Jab,Q+] = -^Q+^Ab , [Jab, Q+] = -^Q+^ab , 

{Q+, g+} = -2CT''V+Pa + XCT^'^P+Jab + XCV^V+Jab , (6.13) 

which is the supersymmetrization of the algebra, so(m — 1, 2) xso(n + l) xso(4 — m) xso(7— 
n) ( so(m, l)xso(?2+ l)xso(3 — m, l)xso(7 — n) ) for a Lorentzian (a Euchdean) brane in 
AdS4xS'^, and so(m + l)xso(n — 1, 2)xso(4 — m)xso(7 — n) ( so(m + l)xso(n, l)xso(4 — 
m)xso(6 — ra, 1) ) for a Lorentzian (a Euchdean) brane in S'^xAdSy. For a (4,7)-brane 
the superalgebra is obviously osp(8|4) or osp(8*|4). Since the dimension of the bosonic 
subalgebra is 18 for (0,3)- and (3,3)-branes, 20 for (1,1)-, (2,1)-, (1,5)- and (2,5)-branes, 
22 for a (4,3)-brane, and 34 for (0,7)- and (3,7)-branes, one may guess the superalgebra 
as those including variants of osp(4|2)xosp(4|2), osp(6|2) xso(2|2), sp(4|2) xosp(4|2) and 
osp(8|2) xsu(2), respectively. The existence of this superalgebra is ensured by ()6.7p . 
The NH superalgebra ()(i.l2|l is equivalent to the MC equation 



ciL^ = 




(6.14) 


rfL^ = 


-r^^cL-^L'^ - VBcL-i^- " L+^-L- - L^T^L^ , 


(6.15) 


dV^ = 


-Ae^X^U'j} - T^gjL^L'^'^" + 2AZ+Xr"^L+ , 


(6.16) 


dir'"' = 


+X^V''l}' - r],,j,L''--'L''^' - XL+XT^'''L+ , 


(6.17) 


dL^ = 




(6.18) 


rfL^^ = 


-4e2A2L"L^ - r/e-jL'^L^'^' - Vcdl^-^^- 






+2AL+Jr^^L_ + 2AL„Jr"^L+ , 


(6.19) 


dL^'^' = 






dL+ = 
dL^ = 


-AL+Jr^'^'L_ - xL^it~^'^'l+ , 

— Li i — -Li i — -Li i AB1j+ , 

-L^r^L_-L-r^L+ 

^ AB^- ~ J- AB^- — — i AB^+ ■ 


(6.20) 
(6.21) 

(6.22) 



The MC equation above can be obtained by rescaling Cartan one-forms in (j6.5|) as 

LA ^ QJ^A ^ j^AB _^ ^j^AB ^ _^ ^ 23) 
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and taking tlie limit — 0. 



7 NH superalgebra of Branes in M pp-wave 

We define 

1 . ^ . f . i J^0 . f f AdS4XS^ 

g(±) = Q(±Vi, 4 = lr±r^, r± = i=(r^±ro) , (7.i) 

r«=|^° for J^^S^^S' (7.2) 

\-r^ \AdS7xs^ 

where where i = 1, 2, 3 and = 4, 5, 6, 7, 8, 9. 

Scahng generators in the super-AdS4/7xS'''/^ algebra as 

Pi^^Pi^ n^in^ q^^^^Iq^^^ (7-3) 

and taking the limit A ^ limit [6], we obtain the M pp-wave superalgebra 



4.\2 \2 1 

1 

[JipJkil =^ife4- + 3-terms , 

[^y, Q^^^] = , [Pi, Q^-^] = ^^^^^r.r+ , 

{Q^+\Q^+^} = -2Cr_p+ , 
{Q(-),Q(-)} = -2cr+p_ - ^CP^./j3- 

{Q^^\ Q(^)} = -2Cr^£^Pj - AXCfVi^P* T 2XCfr'i^P*, , (7.4) 

where F*-' = (— 2r+/r*'', r+/r*'-'') and / = F^^^. The bosonic subalgcbra is the semi-direct 
product of the Heisenberg algebra generated by {P--, PT} with an outer automorphism P_ 
and the Lorentz symmetry generated by Jjj. 
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7.1 Lorentzian branes 



We consider a Lorentzian pp-wave brane for which (+, — ) directions are contained in the 
Neumann directions. We denote Neumann and Dirichlet directions, A — and 
A — i, respectively. 

We derive NH superalgebras of Lorentzian pp-wave branes as IW contractions of the 
super-AdS4/7xS'^/'' algebra. 

First we consider the bosonic subalgebra. The contraction is taken by rescaling gen- 
erators as 

Pa^^Pa, Jab^^Jab, Pi^lfi^ (7-5) 
and taking the hmit Q — > 0. One obtains the NH algebra of an M pp-wave brane 

[p^,Pi]^-^pf , [p_,p^ = -^p;, [p_,p,] = -^p^, [p_,p,] = -^i^^ 

= (7-6) 

and 

hi = + 3-terms , [ Jg, Jg] = 771^% + 3-terms , 

l-^' M = "^^ihi - ' hi^ = m'^jk - ^-^i • (7-7) 

Next we consider the fermionic part. We decompose Q^*^ as 

gi*^ = ±g|t'^M with M = £r+-^^-^p-^ , = fi-l)^"^^ = l (7.8) 
which satisfies 

M' = C~^M^C = {-ly+^+^^^M . (7.9) 

We demand that 

M'T^ = T^M , (7.10) 

M'r^ = r^M . (7.11) 
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Since 



MT 



(7.12) 



the first condition ()7.10|) is satisfied when p = 1,2 mod 4. The second condition ()7.1ip 
restricts the directions along which a pp-wave brane extends. Since 

rp+li 



M'r^ = (-i)i+[^]+°rw 



(7.13) 



where n is the number of the Neumann directions contained in {1,2,3}, we find that 
n =even for p = 1,2 mod 4. In Table El we summarize the result. The p-branes with 
p = 1 mod 4 are Dirichlet branes of an open supermembrane in M pp-wave [46,47]. 



1-brane 


2-brane 


5-brane 


6-brane 


9-brane 


10-brane 


(+,-) 


(+,-;0,i) 


(+,-;0,4) 
(+,-;2,2) 


(+,-;0,5) 
(+,-;2,3) 


(+,-;2,6) 





Table 5: Lorentzian M pp-wave branes 



Scaling Q±.^ as 



Q 



(•) 



Q 



(•) 



(7.14) 



and taking the limit i7 0, we obtain the fermionic part of the NH superalgebra 



[P-,Q 



(+)i 



3A 

2^2 
A 



(-)l 



A 



[i^,Qi-)] = --^gi+VrjrH 



2V2 

A 



A 



(~)i 



2V2 

^(+) 



[Pi',Q 



(-)i 



A 



2V2 



2V2 



[Pi,Q 



1 
2 

{-) 



2V2 



(±)i 



1 



{gf:\g^)} = v/2Acf^j.. , 

{Q+\Q+^} = -2CTk^r+R - AXCfVh^V+Pf T 2XCfT''i^V+P{; , 
{Q^+\Q^-^} = -2CV%V-Pi - AXCfVH^V-P* T 2\CfV'-t^V-P*, . 



(7.15) 
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Summarizing we have derived the NH superalgebra of an M pp-wave brane as ()7.6p . ()7.7|) 
and (I7:TH|) . 

We note that the NH superalgebra of a Lorentzian M pp-wave brane contains a super- 
subalgebra generated by P±, P|, P*, J^--, J-fj and Q^'' 

4\2 \2 1 

"^F^ = ^il^F + 3-terms , [J^, Jg] = + 3-terms , 

[Pi. Q^h = -^Q^Vrir+ , [p-„ g^-^] = --A^QW/r,,r+ , 

{gf \ gf ^} = -2cr%p+P - AXCfvH^v+Pi t 2xcfr'i^v+p{; . (7.16) 

This is the supersymmetrization of the pp-wave algebra which is the isometry on the 
brane worldvolume and the Lorentz symmetry in the transverse space. The conditions 
()7.10|) and ()7.1ip ensure the existence of this superalgebra. 



7.2 Euclidean branes 

We consider a Euclidean pp-wave brane for which (-I-, — ) directions are contained in 
the Dirichlet directions. We denote Neumann and Dirichlet directions as A = i and 
A = {+, , respectively. 

We derive NH superalgebras of Euclidean pp-wave branes as IW contractions of the 
super-AdS4/7xS^/^ algebra. First we consider the bosonic subalgebra. The contraction is 
taken by rescaling generators as 

Pa^^Pa, Jab^^Jab, Pl^^Pl. (7.17) 
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and taking the limit ^ 0. One obtains the NH algebra of a Euclidean M pp-wave brane 

[^'^] = ;^^^' [n'^] = ;^^il^' [^'^J = -^^' (7-18) 

and (TTTjl . 

Next we consider the fermionic part of the NH superalgebra. We decompose Q^'^ as 
Qi'^ = ±Qi'^M, M = fr^o-^'' , m2 = £2(_i)[^] = 1 . (7.19) 

We demand that the conditions ()7.10|1 and ()7.11|) are satisfied. The first condition ()7.10|) 
implies that p = 1,2 mod 4 as 

M'T^ = (-l)i+['^]r^M . (7.20) 

On the other hand, since 

where n is the number of the Neumann directions contained in {1, 2, 3}, the second con- 
dition is satisfied when n =odd for p = 1,2 mod 4. We summarize the result in Table 
IHl The p-branes with p = 1 mod 4 are Dirichlet branes of an open supermembrane in M 
pp-wave [46,47]. 



1-brane 


2-brane 


5-brane 


6-brane 


9-brane 


10-brane 


(1,1) 


(1,2), (3,0) 


(1,5), (3,3) 


(1,6), (3,4) 







Table 6: Euclidean M pp-wave branes 
Scaling as ()3.17|) and taking the limit — > 0, we obtain the fermionic part of the 
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NH superalgebra of a Euclidean M pp-wave brane 




{Q^+\ Q^^^} = -2Crk^V-P- - AXCffH^V-P{ T 2XCfr^' i^V-P^ . (7.22) 

Summarizing we have derived the NH superalgebra of a Euclidean M pp-wave brane as 
(Trm . (1771) and (TT^ . 



We note that there exists a super-subalgebra of the NH superalgebra generated by P., 



This is the supersymmetrization of the Poincare algebra generated by {P., Jj-j} which 
is the isometry on the brane worldvolume and the Lorentz symmetry in the transverse 
space generated by {Pi^Jij}- The conditions ()7.10p and ()7.1H) ensure the existence of 
this super-subalgebra. 



PI, J^, and g^ 



\Jl3^Ju\= ^W^H + 3-terms , [Jj^, J^] = 77^ Jj^ + 3-terms , 

{gi^\ gf ^} = -2cr7^p+P - A\cfT%v+p* t 2\cfr-i^v+p*, . 



(7.23) 
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8 Branes in AdS4/7xS^/4 

The action for an M2-brane [48] is composed of the NG action and the WZ action 

S = T f [£ng + >Cwz] , C^G = d^^'^^sdetg,^, (8.1) 

where s = —1 for a Lorentzian brane and s = 1 for a Euchdean brane. T is the tension 
of the brane. For an M5-brane case, the self-duahty of the two-form gauge field B on 
the brane is imposed on the field equations, or the NG action is replaced by the PST 
action [49] 



^PST = Js det{gi, - tam*^) + a^ ^ ^ ^ U^m,, , (8.2) 



, a/ s det g 



^/g^^djadiji 

n = H + Cs, n*''^ = -—l==e'^''"'^nimn, H = dB 

i\ys det g 

where C3 is a pullback of the three-form gauge field, and = iy/s. Here the PST 
scalar field a is contained in the M5-brane case as a modification of the usual DBI action. 
The WZ term is known to be characterized by manifestly supersymmetric {p + 2)-form 
hp+2 = dCy/z , which is composed of the pullback of the supercurrents, and , on the 
supergroup manifold and the modified field strength H. The (p+2)-form hp+2 is closed but 
not exact on the superspace, because £wz is not superinvariant but quasi-superinvariant. 
Expanding hp+2 with respect to H 

V2(L^, L", n) = (L^, L") - ^m^P-^^ (L^, L°) , (8.3) 

where c is a constant determined below, the closedness condition dhp+2 = is expressed 

as 

= , (8.4) 

c^/i(p+2) _ Um^P-^^ = . (8.5) 
2 ^ ^ 

8.1 CE-cohomology classification 

We show that Mp-brane actions in AdSg+2 x S^"''' {q = 2, 5) can be classified as non-trivial 
elements of the CE-cohomology on the differential algebra, MC equations for the 
super- AdSg+2 x S^^"^ algebra. 
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In order to avoid an additional dimensionful parameter, we assign dimensions as 

\ H 

(8.6) 

dim 1 1/2 -1 3 

For structureless branes, the dimension of S'wz must be equal to the dimension of S'ng, 
from which we find d\mhp^2 = p + 1 because dim/;,p+2 = dim£wz = dim/^NG = P + 1, 
and thus dim/i*^'^^ = k — 1. h^^^ is composed of L^, L° and A, and thus we can write 
/iW as A'(L^)"(L")". The inte gers /,m and n are restricted by the properties of h^'^\ 
dim h^'^'^ = k — 1 and deg h^''^ = k, as 

— I + m + -n = k — 1, m + n = k. (8.7) 

For consistent flat limit, we demand / > because A is related to the inverse of the radii 
of AdSqA^2 and S^"''. In addition, we require that ea^ -a^ and ea\---o:^ are accompanied with 
A; Aeai...a4 and Ae^'^. because eax--a^ and ea'^...^^ disappear in the flat limit. Noting that 
()8.7|1 implies / = 1 — |n < 1, we consider the cases with / = and 1. It is easy to see 
that (m, n) = [k — 2, 2) for / = while (m, n) = {k, 0) for 1 = 1. In the former case, terms 
of the form L^i ■ ■ -L^fe-^LF.,.. L are candidates for h^''\ These terms are non-trivial 
only for k = 3,4 mod 4, because CFAi-.-A^.a is symmetric if A; — 2 = 1,2 mod 4. In 
the latter case, Xeai...a^Li'^^ ■ ■ ■L"*' and Aea'^...a^L"'i ■ ■ ■L"^ are candidates for h^"^^ and h^'^\ 
respectively. We summarize the non-trivial candidates for /i*^^^ 

/i(^) : L^LTaL (8.8) 

/i(^) : L^'L'' LTabL, Xea,...a,L''' ■■■L'^' (8.9) 

L^^...L^^LTa,...a,L, Ae,;...„^L<---L'^'^ (8.10) 

/i(^) : L^^ ■■■L^«LFai...A6^ (8.11) 

where Li^LTaL stands for two candidates L^LF^L and U^' LVa'L, and so on. For example, 
h^^^ is of the form 

/i(^) = ciL^L^LF^feL + C2L'^L'^'ZF,„,L + C3L'^'L'''ZF,,b,L + c^\ea,...aj^''' • ■ ■ L'^^ .(8.12) 

Next we are going to find /i*^^) satisfying (j8.4j) and (j8.5|) . The first step for this is to find 
a closed form dh^'^^ = in ()8.4|) . /i*^'^') can be a closed form only when k = A. This is due 
to the Fierz identity 

{CVAB){ap{CV%s) = . (8.13) 
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The coefficients are fixed by the closedness condition dh^^^ = as 



1 - fiA 

-L^L^'LTabL - -^e,,...a,L-' (8.14) 



where eoi23 = — ei]i23 = +1- As seen in Appendix IHl the overall coefficient c is fixed by 
the requirement of the K-invariance [48,50] of the total action S" as c = —1 for Lorentzian 
brane and c = i for Euchdean brane: c = ii/i. Using h^^^ above, the closed four-form 
is constructed as 

/i4 = h^^\ (8.15) 

Because is not exact on the superspace as will be shown below, we find that the 
M2-brane action in AdS4/7 ^ S^/^ is a non-trivial element of CE cohomology of the differ- 
ential algebra ()(i.5j) . MC equations for super- AdS4/7 x S"^/^ algebra. The obtained action 
is consistent with one given in [50]. 

Next we introduce dTC to the differential algebra ()fi.5j) . Since H = dB + C3 and 
/i4 = c'dCa with a constant c', dTi is given by 

ddH = hi = h^^^ (8.16) 

where h^'^^ is given in (j8.14j) . If we can construct h^'^^ satisfying (j8.5p . then turns out 
to be a closed seven-form. We find that using ()8.14|) and ()8.16|) the condition ()8.5p fixes 
coefficients of a linear combination of candidates as 



/i(^) = c 



(8.17) 

where e4.,.9[, = —64., .90 = +1 and d = —c. To see this we have used the Fierz identity, 

(cr^--^^)(„/3(cr^,),5) - 3(cr[^^^^)(„^(cr^3-^^i),5) = o. (8.18) 

The closed seven-form is constructed using ()8.14j) and ()8.17|1 as 

h, = _ ^h^^)n. (8.19) 

Because hj is not exact on the superspace as will be shown below, we find that M5-brane 
action in AdS4/7xS'^/^ is characterized as a non-trivial element of CE cohomology on the 
differential algebra ()6.5|) and ()8.16p . The constant is determined by the requirement 
that the total action is K-invariant [49,51] as = —1 and i for Lorentzian and Euclidean 
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branes respectively, i.e. (? = o? = %\fs. See Appendix |B] The obtained action is 
consistent with one given in [51]. 

We show that the four- and seven-forms obtained above are not exact. Suppose that 
/;,4 is exact, then there must exist iP'^ such that h!^'^^ = db^^\ b^^^ can be written as 
A'(L^)™(L°)" where inte gers I, m and n are restricted by the properties of 6*^^-*, dimfo*^^) = 3 
and degfo*^'^^ = 3. This imphes that / < 0. We find that there is no candidate for / = 0. For 
/ = — 1, we find two candidates, X'^Ij'^LT aL and X^^lf"' LT a'L, but any hnear combination 
of them does not satisfy /i*^^^ = dh'^^\ It is obvious that terms with / < —2 do not satisfy 
/i^^-* = dh^^\ Thus, /;.4 is not exact. Next, suppose that h^ is exact, then there exists such 
that /i7 = dhQ. This imphes, expanding feglL'',^",^) as 6(6)(L^,L°) + |m(3)(L^, L°), 
that 

= rf6(6) _ ^dnh^^\ /i(^) = (8.20) 

Because we have shown that /i^^^ is not exact, there dose not exist fc'-^-' satisfying ()8.20|) . 
Thus, we have shown that hj is not exact. 

Summarizing we find that actions of M2- and M5-branes in AdS4/7 x S"^/^ are charac- 
terized as non-trivial elements of the CE cohomology. 

8.2 [p + l)-dimensional form of the WZ term 

We derive (p + l)-dimensional form of the WZ-term following [51]. 

The supervielbein and super spin connection are given in Appendix I A. 21 These satisfy 
the following differential equations 

dtt^ = -2eT^L , (8.21) 
9tL^^ = 2\9f^^L , (8.22) 
dti = d9- ^L^f + ^L^^Fab^ , (8.23) 

where the symbols with "hat" implies that the fermionic variable 9 is rescaled a.s 9 ^ t9 . 
By using these equations, one finds that 

dthi = dh , &3 = -cL^L^LFas^ . (8.24) 

This implies that 

hi = dC3 , C3 = / dtb3 + (8.25) 
Jo 
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where C-^-* is a bosonic 3-form satisfying dC^^^ = /i4|bosonic- It follows from 

-cn = dB+ [ dth + C^^'' 
Jo 



(8.26) 



that 

- cdtU = h . (8.27) 

In the similar way, one derives 

dthr = d{h - ^hH) , h = c'|l^^ ■ ■ ■ t^'LTA,...A,e (8.28) 



so that 



hj = dCe , Ce = f'dt {be - %n) + c(6) 

Jo ^ 



(8.29) 



''7 1 bosonic 



where C*-^-* is a bosonic 6-form satisfying dC^^^ = hj 

Summarizing the {p + l)-dimensional form of the WZ term is given as 

£^2 _ f dtl^l^LTABO + C^^^ , (8.30) 
Jo 

CI = i^rs j^dt ■ ■■t''-LTA,...A,e - U.^t'' ivABeii)j + c^^) . (s.si) 
9 Non-relativistic Branes in AdS4/7xS'^/^ 

We consider the non-relativistic limit of the branes in AdS4/7xS''/^ obtained in the pre- 
vious section. 

We scale coordinates and the tension as 

Qx^ , e_ ne^ , (g.i) 

T = TNRfi"^ , H = . (9.2) 

()9.1|) is consistent with ()6.3|) . As can be seen from the concrete expression of the su- 
percurrents given in Appendix IA.2| the supercurrents are expanded as ()5.3p . Expanding 
L^^ as in ()5.4p and substituting ()5.3p and ()5.4|) into the MC equation ()6.5|) . one finds 
that Cartan one forms {L^, L^, L^^, L^— , L-tm | m = 0, 1} form the MC equation 
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9.1 M2-brane 



First we consider an M2-brane. The NG part £ng is expanded as in ()5.15|) with 
and ()5.17|) . By using ()6.14|) and = ML^ with ()6.6|) . one derives 



dC^Z = d{det{L^)d'0 = --^L^'L^-UoTa.mL+o ■ (9-3) 

Since 

M'T^^ = T^^M , (9.4) 

the four-form /i4 is expanded as 

T/i4 = T^R^-^ht + T^nh^'' + 0{Q^) , (9.5) 

with 



hf'' — —^LqLqL+qT^^L+o , (9.6) 



/if 



^0^0 L-iT j^^L^i + 2Liq'Lq L^qT j^^L^2 + 2L^Lf L+oryi^L+o 



+4L^LfL +oryi_B-^-i + ^1 Li L+qTabL+o 



-6A5(2'i)e,,,,.3,^e^^e^^ef ef ] . (9.7) 

This imphes that the bosonic 3-form is expanded as 

TdC^^^ = TNRfi-'rfCf ^ + TNRrfCf ^ + 0{n^) , (9.8) 

dC^^^ = , (9.9) 

rfCf = -3i^s\6^^''^e-a,-a,a,aA"4'e?ef' . (9.10) 

Since 

d{detiLi)id^O + ht = , (9.11) 

the fermionic contribution of C^q and cancel each other. In order to delete the 
bosonic terms of C^q + C^^, we choose 

C!?^ = -^e^oAM.e^V^^e^^ . (9.12) 

It follows from the expressions given in AppendixrOlthat dC^^^ = 0. In summary, we find 
that the gluing matrix M leads to the consistent non-relativistic limit of the M2-brane in 

AdS4/7XS^/^ 
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The non-relativistic M2-brane action is given as 



Jin 1 

wzJ 



(9.13) 



with (IKTfl) and 



r>fin 



^0 



+2Lo Lf (L_ir^^6'+ + L+or^B^-) + Lf L+orAB^'^ 
The bosonic contribution is 



Ai B 



+ a 



(3) 



(9.14) 



(3) 



a 



where i' represent worldvolume directions in S'' or AdSy. 

The t-integration is easily done after fixing the K-gauge symmetry by 6-^ 
Appendix IB]). which leads to 



(see 



'1 ) 



{.go)ij = (eo )i(e^)jr/AB • 

(cq )j is the vielbein on the worldvolume in the static gauge, = ^\ Substitutin; 
into the non-relativistic action we obtain 

2 \2 



(9.15) 
r these 



Snr = TlsfR d^^y/s det 



■ go 



gl'diy^d.y^AB + '-^{^my^ - ny'') - 2e_YD,e_ 



a 



NR / ^2 

S 



(3) 



(9.16) 



In the fiat limit A — >^ 0, this reproduces the non-relativistic action given in [11]. 



9.2 M5-brane 

Next we consider an M5-brane for which = i^/s. In this case the gluing matrix 



satisfies 



M'Ts.B, = -^B,B,M , 



-M 



(9.17) 



(9.18) 
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so that H is of order Q 



Hi = Hi+ I dt Lq L^(L+or^^6'_ + L_ir^^6'+) + AbP^ 
Jo 

The PST part £psT is expanded as 
with 



^PST = ^/Miod'^ , 

-CpsT = V s det god^ ^9oi92)ij + 7^{T<i)ij{ni] 



where go and g2 are given in ()5.18|) and ()5.19|) . and Hi is defined as 

^2 



Noting that 



h'r is expanded as 



with 



M'T 



Bi--B5 



and 



, div 



5! 



T Ai 

^0 




Ai 

'0 ■ ■ 


T A4J A 


Ai 

'0 ■ ■ 


T A3T A 



+2 



- Ai-'-AiA 



'0 ^2 ^+0^ A1-A5' 



■AaA^A^L+o 



,6A 



_s:(3,3)^^_ TaiTa2Ta3T«4 
" 21 taia2a3a4-Lio -^0 -^0 -^1 
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This implies that the bosonic 6-form C*-^-* is expanded as 



(6) 







■1304^0 



(9.30) 
(9.31) 
e^^ef iJi .(9.32) 



Since 



, div 



(9.33) 



the fermionic contribution of >CpsT + -^wz cancels out. The bosonic terms of Cf^^ + >Cwz) 
^T^Ao-'-Aseo" ■ ■ ■ + C'o^'', are deleted by choosing 



3A0 ^As 



(9.34) 



which satisfies dC^ =0. In summary, we find that the gluing matrix M leads to the 
consistent non-relativistic limit of the M5-brane in AdS4/7xS^/^. 

The non-relativistic M5-brane action is composed of >CpsT iii ()9.22|) and 



■^wz — ^ I dt 



2 " ~ " ~ '~ A 



+ 2 (^Lq L^(-^+or^B6'_ + L_ir^^6'+) + 2Lo Lf L+orAB6'+ )7ii 



(9.35) 



The bosonic contribution is 



= 3zv^A fev/^d^[25(^'5)e,,,./9^/ - 5(3'=^)9,.y(*5i)^'] (9.36) 



where ^ and represent coordinates on Ei and S3 respectively, and y is the transverse 
direction in AdS4 or S*^. * means the Hodge dual in S3. 
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Let us fix the /t-symmetry by 9+ = 0. The ^-dependent term in Ti disappears and 
so we have Hi = Hi in this gauge. The t-integration is easily done, and the action is 
drastically simplified as 

+\{HiUHlf + ^( W - ny")] , (9.37) 
= I'dtc'^e^^ ■ ■■e^^'D{t9.)Tj,^...j,^9. + 

= d^CVsdetgo [-e^fDie-] + Cf^ . (9.38) 
Combining these results, we obtain the non-relativistic M5-brane action 

+hH{)ij{Hiy^ - 2^_yD,^_] + Tnr f cf^ . (9.39) 

In the flat hmit A — > 0, it is reduced to the linearized M5-brane action considered in [52]. 

10 Summary and Discussions 

We have derived the NH superalgebra for AdS branes as IW contractions of the super- 
AdSxS algebras in ten- and eleven-dimensions. Requiring that the isometry on the AdS 
brane worldvolume and the Lorentz symmetry in the transverse space extend to the super- 
isometry, we classified possible branes. The NH superalgebra contains the super-isometry 
as a super-subalgebra: su(2|2) xsu(2|2), osp(4|4), osp(6|2) xpsu(2|l) and variants of them 
for non-relativistic AdS branes in AdSsxS^, and osp(4|2) xosp(4|2), osp(6|2) xso(2|2), 
sp(4|2)xosp(4|2), osp(8|2)xsu(2) and variants of them for non-relativistic AdS M-branes 
in AdS4/7xS^/^. The possible branes are summarized in Table 1 and 4. These contain 
1/2 BPS branes obtained by examining an open superstring in AdSsxS^ and an open 
supermembrane in AdS4/7xS^/^. We applied the similar analyses to branes in IIB pp- 
wave and M pp-wave. The possible branes are summarized in Table 2, 3, 5 and 6 and we 
derived the NH superalgebras of these pp-wave branes. 

The WZ terms of AdS branes in ten- and eleven-dimensions are examined by using the 
CE cohomology on the super-AdSxS algebras. We find that WZ terms of the AdS branes 
in AdSsxS^ and AdS4/7xS^''^ are non-trivial elements of the CE cohomology except for 
those of strings in AdSsxS^. 
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By taking the non-relativistic limit of the relativistic brane actions obtained above, 
we derived non-relativistic Dp-brane actions in AdSsxS^ and non-relativistic M-brane 
actions in AdS4/7xS'^/^. We have seen that there exists the consistent non-relativistic 
limit for Dp(even,even) for p = 1 mod 4 and Dp(odd,odd) for p = 3 mod 4 in AdSsxS^, 
and M2(0,3), M2(2,l), M5(l,5) and M5(3,3) in AdS4xS^ and S^xAdSy. We derived the 
non-relativistic actions for these branes. 

In the flat limit, the non-relativistic AdS Dp- and M2-brane actions are reduced to 
non-relativistic flat brane actions [11,12]. The non-relativistic AdS M5-brane action is 
reduced to the linearized M5-brane action [52]. It is interesting to examine these non- 
relativistic AdS brane actions further, but is left for future investigations. 

It is also interesting to examine the non-relativistic limit of branes in the pp-wave. It 
is known that the pp-wave superalgebra is an IW contraction of the AdS superalgebra. 
So, the brane actions in the pp-wave can be derived from those in the AdS background by 
expanding supercurrents with respect to the contraction parameter A as was presented 
in Appendix C. Once having derived the brane action in the pp-wave one can easily 
extract the non-relativistic brane actions. These actions can be also derived from the 
non-relativistic actions derived in the present paper by expanding supercurrents with 
respect to the contraction parameter Q. We hope to report these points elsewhere in near 
future. 
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Appendix 



A LI Cartan one forms 



A.l AdSsxS^ 

Supervielbeins on the AdS5 x can be obtained via the coset construction with the coset 
supermanifold: 

^^^^ ^ ^ ~ 50(1,4) X 50(4) • (^-^^ 
We parametrize the group manifold as 

9 = 9x96, ^e = e«^ Q = {Q,,Q^) , e= l^'] . (A.2) 



9. 



2 



where Qx is concretely specified later. The supervielbeins and L", and super spin 
connection are the LI Cartan one forms defined by 

g-'dg = L^Pa + ^L^^Jab + QaL'' , (A.3) 

g;'dg, = e^PA + ^co^^Jab , (A.4) 

where and uj'^^ are the vielbein and the spin connection of the AdSsxS^. After some 
algebra, we obtain^ 

M'^'^ sinhT^ 
(2n+l)! ^^M" 



L''-y:7^De='^De, (A.6) 



n=0 

°° A/f2n-2 



L^s ^ _ 2zA^T^^za2 y ^^DO = c.^^ - 2zA^-^^^a2 '"'^':^ ^ DO (A.7) 

(2n)! Al^ 

n=l ^ ' 



with 



= %\ \Va%029 or'' - -TabO ^r^^icTaJ , (A.8) 

De^de + ^e^fAia2e + \uj^''TabO , (A.9) 
2 4 

= (-r„x, j^) , r^^ = (-r^^x, r„,;,, j^) . (A.io) 



^The differential d acts as d{F ^ G) = dF ^ G + (-l)-^F A dG (where / is the degree of F), and 
commutes with 6. 
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The bosonic subalgebra is a direct product of so(2,4) and so(6), and so we may consider 
these parts separately. For an (m, ?T,)-brane, it is convenient to parametrize the group 
manifold on the so(2,4) algebra as 

QAds = 9Ne'^''- , gN = e^'™^'"" ■ ■ ■ e^"^^"^ • (A.ll) 

For this parametrization, we obtain 

e"''^ = e'^ coshvy , i = 1,2, ...,m , 
( sinh Y 

^ — ' 



.^ = -2X^^(^^^%^dy\\ (A.12) 



where = X'^y^^ab = A^y^ and {Y'^)-^ = X'^{y'^6f — y^b)- and ujn defined by 

g-^^dgM = e%P-a + \ujfj-,i (A. 13) 

are obtained as 

= coshri ■ ■ ■coshr£_i(ix"'^ , 

- - - Slllll T u - 

^a,a, ^ _y2^ak ^ coshrfc+i ■ ■ ■ cosh r^_idx^^ , k<l (A. 14) 

where rf = X^x°'^x"'^'t]aiai ■ 

The vielbein e"' and the spin connection oj""'^' of are obtained as those of AdSs with 
the replacement 

X^ ^ —X? , a ^ a , a— i>a', m ^ n . (A. 15) 

Under the scaling with VL defined in (j5.1|) . the above vielbeins and spin connections 
are expanded as 

e^^ =el^+n\l^ + 0{Sl') , el^ = e]^, e^^ = e^^rj , (A.16) 
= Oef + 0{^f) , ef = dy^ (A. 17) 

u^^^ = -QX^y^e"}^ + 0{Q^) , (A. 19) 



-2n'^X^y^dy^-^ + 0(^]^) . (A.20) 
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A.2 AdS4/7xS^/4 

Supervielbeins on the AdS4/7 x S'^^^ can be obtained via the coset construction with the 
coset supermanifolds: 

,50(3, 1) X ,50(7) ' ^ ,50(6, 1) X ,50(4) ^ ' 

Parametrizing the manifolds as g{X,9) = gx^^^ , we obtain the expression of superviel- 
beins: 

i^^-e^-2er^J2^^De, (A.22) 

= co^B + 2A^r^^ y -^T—rD9 , (A.23) 
^ (2n)\ ^ ' 

n=l ^ ' 

L = V m , (A.24) 

^ 2n + l ! ' ^ ^ 

n=0 ^ ' 

where we have introduced the following quantities: 

{DQf = de + —e^^Ae + ^uj^^'TabO , 

Fa — (2Jra, XTfl/) , Tab — {'2^^ab,^a'b') ■ 

Here and ou^ are the vielbein and the spin connection, respectively. 

Since the bosonic subalgebra is the direct product of so(3,2) (so(5)) and so(8)(so(6,2)), 
we may consider these parts separately as in the case of AdSsxS^ . For the former group 
manifold, a group element is represented by 

g, = 5ive^"^- , gN = e-'""^^- • • • e^^^^^i . (A.25) 

It is straightforward to derive 



dy) , (A.27) 



= e^coshry , e=l,---,m (A.26) 
/ sinhy 

/ cosh Y — 1 



^ab 0,2 \2„,a 



-8e^AV(^ dyj , (A.29) 

^-a,b ^ 4,2^2ga,^bSinlir, 
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with 



= dx"''^ coshri ■ ■ -coshr^.i , (A. 31) 

^a,-a, ^ _4g2^2^a,^^a,^^^^ ^Qgj^^^^^ . . . COshr^_l , k<i , (A.32) 

where rl = Ae^X^x^^'x^'^rja^a^, = Ae^X^y^hjab = Ae^X'^y'^ and = 4e^A^(y^5f - y-yb) . 
For the latter group manifold, the vielbein and the spin connection can be obtained from 
those for the former case with the replacement 

— -e^ , a a' , a^g/, m ^ n . (A. 33) 

Under the f2-scaling ()9.ip . these scale as 

= el + ^\l + 0{n') , el = e%, = e%^-^ (A.34) 

= fief + 0{Q^) , ef = dy^ , (A.35) 

u^' = u;f, uf = u^^, (A.36) 

co^ = 0(fi2) , (A.37) 

u^^ = QAe^X^e%y^ + 0{Q^) . (A.38) 



B /t- symmetry 

B.l D-branes in AdSsxS^ 

Here we recall the k- variation of the action ()4.H) by following [36,40,41]. Here we consider 
both Lorentzian branes and Euclidean branes. 

Following ()2.6|) . one can derive a variation of the supercurrents by using the homotopy 
formula as follows: 

6L^ = d6x^ + r]Bc^^5x^^ + r^^cL^^^a;^ - ^ilV^de , 
5L = dSe - ^5x^fAi(y2L + \^f^ia5^ , 

= ddx''^ - 2X^ir5x^ + 2r/cdL'^'5a;'^^ + 2iXLf''\a25e , 
51.^'^' = d5x^'^' + 2X^V'5x^' + 2r7c'd'L'^'^'5x'^'''' + 21X11"'^' ia 26 9 , (B.l) 

where 

= (5Z*L^^ , <5x^^ = <5^*l4/ , = . (B.2) 
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A universal feature of the K-variation is 



5^x^ = . (B.3) 

By using (jB.lll . one can find that 

6^g,, = -AtLf^L,^TA6e (B.4) 

and 

SJjr = -2id{'L'^LTAa6e) = -2iL^Lr^a5e , (B.5) 

where the exact term is deleted by S^^A . By using ()B.1|) and ()B.5|) . we find that 

£=even 

= (^^^L^^ ■ ■ ■ L^^'-^^r^....A.„_,(a)"^a25.^ (B.6) 

so that 

6Xwz = \C. A e^]p+i , (B.7) 

where [•jp+i represents the {p + l)-form part of • . 

By using these expressions, one finds that the action ()4.1|) is invariant under 

M=(l + r)«:, (B.8) 



where 7j = L^F^ . 

Under the f2-scaling, F is expanded as 

F = Fo + 0(n) , (B.IO) 

= M . (B.ll) 
Expanding k as 

= + , K-t = P±K± (B.12) 
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leads to 

= (1 + To)k+ = 2k+ . (B.13) 
This implies that the ^-symmetry can be gauge fixed by choosing 9+ = since 6^9^10^=0 = 

For an F-string, we obtain the similar expression with cr = —ai and JF = 0. Hence the 
action is K-invariant, and the K-gauge symmetry is fixed by 0+ = . 

B.2 M-brane in AdS4/7xS^/4 

Following [48,49,51], we recall the K-symmetry of the M-brane actions. Here we shall 
consider Euclidean branes as well as Lorentzian branes. 
A variation of the supercurrents is derived from ()6.5|) as 

SL"^ = ddx"^ + Se^A^L'^^x* + 2r/edL""5x''^ - 2\Lf''^59 , 
51."'^' = d5x'''^' - 2e^\^l.'''5x^' + 2r]^,d'l^^'''' 5x^''^' - 2X11"'^' 59 , 

5L = dS9 + ^x^TaL - ^L^fA59 - ^5x^^TabL + ^L^^F^^^^ , (B.14) 

where Sx^^ and S9 have been defined in ()B.2|) . For the k- variation, we require that 
6,x^ = 0. 

B.2.1 M2-brane 

Let us first consider the case of an M2-brane. From ()B.14|) . one can obtain 

5,gij = ALf,Lj^TA5n9 , (B.15) 

and 

6^h^ = di-cC^L^'LTABS.O) ^ 6X^1 = -cC^L^'LTabSJ . (B.16) 
By using them one can see that the action (j8.1|) is invariant under 



SJ = il + T)K, T = ^^y^S,,. (B.17) 

Vs det g SI 

Under the ^-scaling, F is expanded as 

T = To + 0{n'), To = ^V^TAM = M . (B.18) 
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By expanding k as ()B.12|) . we derive 

5^e+ = (1 + ro)/€+ = 2k+ 

which imphes that the K-gauge symmetry is fixed by = 0. 



:b.i9) 



B.2.2 M5-brane 



Next, we consider the case of an M5-brane. A variation of 7i is taken with (jB.14jl as 
follows: 

-c5jn = 5^hi = d{-c\.^\.^LVAB5nO) 6 = L^L^ LTabS J , (B.20) 

where the exact term is deleted by 5^-8 . Noting that 



we see that 



^L^^ ■ ■■i.^'LTA,-A,6^e + ]--L^i.^LTAB^nen 

5! 2 



(B.21^ 



(B.22) 



where (? = i^/s . The /t-invariance of the action is shown by following [51] (see also [52]). 
By using the expressions derived above and the following useful relations 



7 



6!a/s det g 



«6 ' 



f = 1 



Il---J6-nJl--Jn„, 



s det g 

Jl j6-nKl K„ \ J [j^ J6-n] 



46- 



Ttijk = 3H[ijVk] — -\/s'detg eijkirnnT^*^"^v"' , 



it is shown that the M5-brane action is invariant under the K-variation 

6 J = (1 + T)k , 6^a = 0, 

r 



^/s'detg 



c 
~2 



a/ s det(5' — ic^Ti* 
Under the f2-scaling, V is expanded as 



7 - -'H*^Vkl'^^ - 



sc 



V = To + 0(1]) 



-s 1 , 



s det (7o 6! 
which implies that 



-'0 )H 



(B.23) 

(B.24) 
.(B.25) 

(B.26) 



{^o%.^M-A, = s^/^sTa,...a, = M , (B.27) 



16v^sdet^ 



5,^^+ = (1 + ro)/€+ = 2fi:+ . 
Thus the K-symmetry is gauge fixed by ^^_|_ = . 



(B.28) 
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C Penrose limit of Brane Actions 



Here we will construct the action of D-branes and M-branes on pp-wave backgrounds via 
the Penrose limit, instead of non-relativistic limit. This is a natural application of our 
procedure. The Penrose limit of an alternative action of an AdS superstring has been 
discussed in [25] . The result includes Metsaev's results for F-string [53] and D3-brane [54] 
on the maximally supersymmetric pp-wave. 

C.l Branes in IIB pp-wave 

We derive the Dp-brane action in the IIB pp-wave from the Dp-brane action in AdSs x 
S = T J Cdbi + ^wz , 



n=0 



^(2n+l) 



(2n - 1)! 



+ 5n,2^A(e„,...„,L'^^ . . . - e,, ..... L< ■ ■ ■ L"^)] (C.l) 

where a = and g = (Ti- c = ^/s is required by the K-invariance of the action. 

The Penrose limit considered in section 3 is equivalent to scaling the coordinates as 

X+ ^ K^X+ , AX^ , e+ M+ (C.2) 

and taking the limit A 0. Under the scaling, LI Cartan one- forms are expanded as 

n=0 n=0 n=0 

L+ = ^A2"+iL+2n+i (C.3) 

n=0 

where 



V2 

Under the expansion ()C.3|) . we derive 



= ^al;'^ + O(A^) , gl;'^ = 2(L+),(L^), + ■ (^-5) 



59 



It follows from^ 

djF = A2[-iL+L_r+(7L_ - iL~L+r^aL+ - 2ilJL+r.aL4 (C.6) 

that 

J^^ A^Tpp + 0{A") (C.7) 
where we assume that F — IS?Fpp. These imply that 



>Cdbi = A"+'>C^^Bi + 0(A^'+3) , ^S'bi - ^sdet(^,, + ^,,)df+ie ■ (C.8) 
The factor A*'+^ is absorbed into the definition of the tension as 

T = K-^P^'^^Tpp . (C.9) 
One finds that the fermionic part of is scaled as 

^Ifermionic — A. /i^p ''Ifermionic ~l~ 0(A ) , (C.IO) 

7(2n+l)| _ ^ T Ai TA2„-ifp, , /T"+lrr T 

/^pp I fermionic — — l)! "^^ ^l-^2n-l'^3 '^1-^ 

^ -L^l • • • L'2"-H^+r5 ,^ CT?+ViL_ 

V ll---J2n-l o ^ 



(2n- 1)! 



^ +n---i2n-2 3 



(2n-2)! 3 1 

(2n-2)! -n-»2n-2 3 + 

V ll---?2n-3 3 J- i 



(2n-3)! 

- r, , T . . 

«l---*2n-3 



For the bosonic part, we derive 



h^'^ Ibosonic - A'/'^; Ibosonic + ^(A^) , (C.12) 

/iS.5lbosonic = -ic^l.-{VWl.' + L^L^L^L^) . (C.13) 
v2 

The 0(A^)-term which contains L+ disappears in the limit. 
To summarize the pp-wave Dp-brane action is given as 



''L+, L , L', L_|_ and L_ are understood as L2', Lq , L|, L+i and L_o respectively below. 
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with (ITISl) and 



UPP — rir'P'P — \^ /,(P+2-2n) -r- 
"'p+2 — "''-WZ — 2^ ''"p'p •'i 



PP ' 



(C.15) 



n=0 



{2n-l] 



n+l 



4A 



' V2 ^ 



(C.16) 



This reproduces the pp-wave D3-brane action given in [54] as the p = 3 case. Let Q = 
and cr = — 0"! and replace /^dbi with £ng or with the Polyakov action, then it is reduced 
to the pp-wave F-string action constructed in [53]. 

The (p + 2)-form /ip^2 can be shown to be a non-trivial element of the CE cohomology 
except for by following the procedure explained in section 4.1. It is easy to obtain the 
(p -|- l)-dimensional form of the WZ term as was done in section 4.2. 



C.2 Branes in M pp-wave 

The Penrose limit considered in section 7 is equivalent to scaling the coordinates as ()(I2j) 
and taking the limit A 0. Under the scaling, LI Cartan one- forms are expanded as 
fl(I3j) where we define Cartan one-forms as 



L-^^(L'±L«) 



:L^o,L*'^) for AdS4xS7 
;L^^L*'0) for AdSyxS^ 



-L . 



(C.17) 



C.2.1 Penrose limit of M2 brane action 



We consider the Penrose limit of the M2-brane action 



5* 



WZ 



a/ s det 
h4 = c 



9 , 



ai 



(C.18) 

(C.19) 
(C.20) 



where c = ^^/s is required by the K-invariance of the action. Under the expansion (IC.3 
£ng is expanded as 



£ng = A3£^^g + 0(A^) , C 



PP 

NG 



's det Qpp 



(C.21) 
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while c?£wz = ^4 is expanded as 



h 



K = A'/if + 0(A 
1 
2 



pp 



6A 

7! 



(C.22) 
(C.23) 



The A factor is absorbed into the definition of the tension as T = A T^p. The pp-wave 



M2-brane action is given as 



with (in:2T|) and /if = dC^^z with (1021 • 



C.2.2 Penrose limit of M5-brane action 



Next we will consider the M5-brane action 



S — T I £psT + -^wz 



with 



and 



n 



sdet{gij - ic^H*j) + 



, ^ s det g 



H + C3, n*'^^ 



3!-\/s det g 



^ijklmnnj 

- n 



Imn 



H = dB 



(C.24) 



(C.25) 



(C.26) 



-cdH 



6^, J a, . 



a4 



C 



(C.27) 

(C.28) 

(C.29) 
(C.30) 



with = ii/i for the K-invariance of the action. 
Observe that under the expansion (jdSjl . 



^ /^-3^*ijk ^ o{A-^) , n*j = A^n*^" + o{A 



(C.31) 
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where we assume that H = A'^Hpp. These imply that 



£psT = A'/:rsT + 0(A' 



rPP 



s det(,- - ^c27^*f ) + c'^^^^^K^H!^ 



(C.32) 



The WZ term /17 is expanded as 



"pp 



V2 



(C.33) 
(C.34) 

(C.35) 



The factor is absorbed into the definition of the tension as T = A ^Tpp. The pp-wave 
M5-brane action is given as 



O — Ipp I ^psT "T '-WZ 



(C.36) 



with (in:32ll and /if = dC^^z with dHSl- 

Following the procedure explained in section 8.1, one can show that the {p + 2)-form 
/ip^J_2 is a non-trivial element of the CE cohomology. The (p + l)-dimensional form of the 
WZ term can be obtained easily as was done in section 8.2. 
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